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Abstract

Graphical models are a powerful tool to estimate a high-dimensional inverse covariance
(precision) matrix, which has been applied for a portfolio allocation problem. The assumption
made by these models is a sparsity of the precision matrix. However, when stock returns
are driven by common factors, such assumption does not hold. We address this limitation and
develop a framework, Factor Graphical Lasso (FGL), which integrates graphical models with the
factor structure in the context of portfolio allocation by decomposing a precision matrix into low-
rank and sparse components. Our theoretical results and simulations show that FGL consistently
estimates the portfolio weights and risk exposure and also that FGL is robust to heavy-tailed
distributions which makes our method suitable for financial applications. FGL-based portfolios
are shown to exhibit superior performance over several prominent competitors including equal-

weighted and Index portfolios in the empirical application for the S&P500 constituents.
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1 Introduction

Estimating the inverse covariance matrix, or precision matrix, of excess stock returns is crucial
for constructing weights of financial assets in the portfolio and estimating the out-of-sample Sharpe
Ratio. In high-dimensional setting, when the number of assets, p, is greater than or equal to the
sample size, T', using an estimator of covariance matrix for obtaining portfolio weights leads to
the Markowitz’ curse: a higher number of assets increases correlation between the investments,
which calls for a more diversified portfolio, and yet unstable corner solutions for weights become
more likely. The reason behind this curse is the need to invert a high-dimensional covariance
matrix to obtain the optimal weights from the quadratic optimization problem: when p > T', the
condition number of the covariance matrix (i.e., the absolute value of the ratio between maximal
and minimal eigenvalues of the covariance matrix) is high. Hence, the inverted covariance matrix
yields an unstable estimator of the precision matrix. To circumvent this issue one can estimate
precision matrix directly, rather than inverting covariance matrix.

Graphical models were shown to provide consistent estimates of the precision matrix (Cai et al.
(2011); Friedman et al. (2008); Meinshausen and Biihlmann (2006)). Goto and Xu (2015) esti-
mated a sparse precision matrix for portfolio hedging using graphical models. They found out that
their portfolio achieves significant out-of-sample risk reduction and higher return, as compared to
the portfolios based on equal weights, shrunk covariance matrix, industry factor models, and no-
short-sale constraints. Awoye (2016) used Graphical Lasso (Friedman et al. (2008)) to estimate a
sparse covariance matrix for the Markowitz mean-variance portfolio problem to improve covariance
estimation in terms of lower realized portfolio risk. Millington and Niranjan (2017) conducted
an empirical study that applies Graphical Lasso for the estimation of covariance for the portfolio
allocation. Their empirical findings suggest that portfolios that use Graphical Lasso for covari-

ance estimation enjoy lower risk and higher returns compared to the empirical covariance matrix.



They show that the results are robust to missing observations. Millington and Niranjan (2017)
also construct a financial network using the estimated precision matrix to explore the relationship
between the companies and show how the constructed network helps to make investment decisions.
Callot et al. (2019) use the nodewise-regression method of Meinshausen and Bithlmann (2006)
to establish consistency of the estimated variance, weights and risk of high-dimensional financial
portfolio. Their empirical application demonstrates that the precision matrix estimator based on
the nodewise-regression outperforms the principal orthogonal complement thresholding estimator
(POET) (Fan et al. (2013)) and linear shrinkage (Ledoit and Wolf (2004)). Cai et al. (2020)
use constrained ¢;-minimization for inverse matrix estimation (Clime) of the precision matrix (Cai
et al. (2011)) to develop a consistent estimator of the minimum variance for high-dimensional global
minimum-variance portfolio. It is important to note that all the aforementioned methods impose
some sparsity assumption on the precision matrix of excess returns.

An alternative strategy to handle high-dimensional setting uses factor models to acknowledge
common variation in the stock prices, which was documented in many empirical studies (see Camp-
bell et al. (1997) among many others). A common approach decomposes covariance matrix of excess
returns into low-rank and sparse parts, the latter is further regularized since, after the common
factors are accounted for, the remaining covariance matrix of the idiosyncratic components is still
high-dimensional (Fan et al. (2011, 2013, 2018)). This stream of literature, however, focuses on
the estimation of a covariance matrix. The accuracy of precision matrices obtained from inverting
the factor-based covariance matrix was investigated by Ait-Sahalia and Xiu (2017), but they did
not study a high-dimensional case. Factor models are generally treated as competitors to graphical
models: as an example, Callot et al. (2019) find evidence of superior performance of nodewise-
regression estimator of precision matrix over a factor-based estimator POET (Fan et al. (2013))

in terms of the out-of-sample Sharpe Ratio and risk of financial portfolio. The root cause why



factor models and graphical models are treated separately is the sparsity assumption on the pre-
cision matrix made in the latter. Specifically, as pointed out in Koike (2020), when asset returns
have common factors, the precision matrixz cannot be sparse because all pairs of assets are partially
correlated conditional on other assets through the common factors. One attempt to integrate factor
modeling and high-dimensional precision estimation was made by Fan et al. (2018) (Section 5.2):
the authors referred to such class of models as “conditional graphical models”. However, this was
not the main focus of their paper which concentrated on covariance estimation through elliptical
factor models. As Fan et al. (2018) pointed out, “though substantial amount of efforts have been
made to understand the graphical model, little has been done for estimating conditional graphical
model, which is more general and realistic”. Concretely, to the best of our knowledge there are
no studies that examine theoretical and empirical performance of graphical models integrated with
the factor structure in the context of portfolio allocation.

In this paper we fill this gap and develop a new conditional precision matrix estimator for
the excess returns under the approximate factor model that combines the benefits of graphical
models and factor structure. We call our algorithm the Factor Graphical Lasso (FGL). We use a
factor model to remove the co-movements induced by the factors, and then we apply the Weighted
Graphical Lasso for the estimation of the precision matrix of the idiosyncratic terms. We prove
consistency of FGL in the spectral and ¢; matrix norms. In addition, we prove consistency of
the estimated portfolio weights and risk exposure for three formulations of the optimal portfolio
allocation.

Our empirical application uses daily and monthly data for the constituents of the S&P500: we
demonstrate that FGL outperforms equal-weighted portfolio, index portfolio, portfolios based on
other estimators of precision matrix (Clime, Cai et al. (2011)) and covariance matrix, including

POET (Fan et al. (2013)) and the shrinkage estimators adjusted to allow for the factor structure



(Ledoit and Wolf (2004), Ledoit and Wolf (2017)), in terms of the out-of-sample Sharpe Ratio.
Furthermore, we find strong empirical evidence that relaxing the constraint that portfolio weights
sum up to one leads to a large increase in the out-of-sample Sharpe Ratio, which, to the best of
our knowledge, has not been previously well-studied in the empirical finance literature.

From the theoretical perspective, our paper makes several important contributions to the ex-
isting literature on graphical models and factor models. First, to the best of out knowledge, there
are no equivalent theoretical results that establish consistency of the portfolio weights and risk
exposure in a high-dimensional setting without assuming sparsity on the covariance or precision
matriz of stock returns. Second, we extend the theoretical results of POET (Fan et al. (2013)) to
allow the number of factors to grow with the number of assets. Concretely, we establish uniform
consistency for the factors and factor loadings estimated using PCA. Third, we are not aware of any
other papers that provide convergence results for estimating a high-dimensional precision matrix
using the Weighted Graphical Lasso under the approximate factor model with unobserved factors.
Furthermore, all theoretical results established in this paper hold for a wide range of distributions:
Sub-Gaussian family (including Gaussian) and elliptical family. Our simulations demonstrate that
FGL is robust to very heavy-tailed distributions, which makes our method suitable for the finan-
cial applications. Finally, we demonstrate that in contrast to POET, the success of the proposed
method does not heavily depend on the factor pervasiveness assumption: FGL is robust to the
scenarios when the gap between the diverging and bounded eigenvalues decreases.

This paper is organized as follows: Section 2 reviews the basics of the Markowitz mean-variance
portfolio theory. Section 3 provides a brief summary of the graphical models and introduces the
Factor Graphical Lasso. Section 4 contains theoretical results and Section 5 validates these results

using simulations. Section 6 provides empirical application. Section 7 concludes.



Notation

For the convenience of the reader, we summarize the notation to be used throughout the paper.
Let S, denote the set of all p x p symmetric matrices, and S;r T denotes the set of all p x p positive
definite matrices. For any matrix C, its (4, j)-th element is denoted as ¢;;. Given a vector u € R? and
parameter a € [1,00), let ||uf|, denote {,-norm. Given a matrix U € S, let Apax(U) = A1(U) >

As(U) > ...

v

Amin(U) = A,(U) be the eigenvalues of U, and eigy(U) € REXP denote the
first K < p normalized eigenvectors corresponding to A1(U),..., Ax(U). Given parameters a,b €
[1,00), let [[U]],, = max)y —[[Uy||, denote the induced matrix-operator norm. The special cases
are [|U|[|; = maxi<j<n sz\il |u; ;| for the ¢ /¢1-operator norm; the operator norm (¢»-matrix norm)
U3 = Amax(UU’) is equal to the maximal singular value of U; [|U[l| o, = maxi<j<n Zf\il|uﬂ|

for the o /ls-operator norm. Finally, ||UJ| .. = max; j|u; ;| denotes the element-wise maximum,

max

and [|U||% = i ufj denotes the Frobenius matrix norm.

2 Optimal Portfolio Allocation

The importance of the minimum-variance portfolio introduced by Markowitz (1952) as a risk-
management tool has been studied by many researchers. In this section we review the basics of
Markowitz mean-variance portfolio theory and provide several formulations of the optimal portfolio
allocation.

Suppose we observe p assets (indexed by i) over T period of time (indexed by t). Let r; =
(r1gs 72ty -y mpt)’ ~ D(m, X) be a p x 1 vector of excess returns drawn from a distribution D,
where m and X are the unconditional mean and covariance matrix of the returns. The goal of the
Markowitz theory is to choose asset weights in a portfolio optimally. We will study two optimization

problems: the well-known Markowitz weight-constrained (MWC) optimization problem, and the



Markowitz risk-constrained (MRC) optimization with relaxing the constraint on portfolio weights.
The first optimization problem searches for asset weights such that the portfolio achieves a
desired expected rate of return with minimum risk, under the restriction that all weights sum up

to one. This can be formulated as the following quadratic optimization problem:
1
min §W/EW’ st.we=1and m'w > p (2.1)
W

where w is a p x 1 vector of asset weights in the portfolio, ¢ is a p X 1 vector of ones, and u is a
desired expected rate of portfolio return. Let ® = X! be the precision matriz.

If m'w > pu, then the solution to (2.1) yields the global minimum-variance (GMYV) portfolio
weights wgary:

wany = (VO 1. (2.2)

If m'w = p, the solution to (2.1) is a well-known two-fund separation theorem introduced by

Tobin (IF)SS):

wyuwe = (1 —a)wWemv + a1war, (2.3)

wy = (¢'Om) 'Om, (2.4)

_ p(m'O)(VOr) — (m'Or)?
T (m'em)(VOr) — (m'e)?’ (25)

where w o denotes the portfolio allocation with the constraint that the weights need to sum up
to one and wj; captures all mean-related market information.

The MRC problem has the same objective as in (2.1), but portfolio weights are not required to
sum up to one:

1
min -w'Xw, s.t. m'w > p. (2.6)
w



It can be easily shown that the solution to (2.6) is:

(2.7)

Alternatively, instead of searching for a portfolio with a specified desired expected rate of return,

one can maximize expected portfolio return given a maximum risk-tolerance level:

maxw'm, s.t. w'Iw < o2 (2.8)
w

In this case, the solution to (2.8) yields:

©m = ZOm. (2.9)

To get the second equality in (2.9) we use the definition of u from (2.6). It follows that if u = ov/6),
where § = m’®m is the squared Sharpe Ratio of the portfolio, then the solution to (2.6) and (2.8)

admits the following expression:

Om=—a, (2.10)

where a@ = ©m. Equation (2.10) tells us that once an investor specifies the desired return, p, and
maximum risk-tolerance level, o, this pins down the Sharpe Ratio of the portfolio which makes the
optimization problems of minimizing risk in (2.6) and maximizing expected return of the portfolio
in (2.8) identical.

This brings us to three alternative portfolio allocations commonly used in the existing literature:

Global Minimum-Variance portfolio in (2.2), Markowitz Weight-Constrained portfolio in (2.3) and

Markowitz Maximum-Risk-Constrained portfolio in (2.10). It is clear that all formulations require



an estimate of the precision matrix ©.

3 Factor Graphical Lasso

In this section we introduce a framework for estimating precision matrix for the aforementioned
financial portfolios which accounts for the fact that the returns follow approximate factor structure.
The arbitrage pricing theory (APT), developed by Ross (1976), postulates that the expected
returns on securities should be related to their covariance with the common components or factors
only. The goal of the APT is to model the tendency of asset returns to move together via factor

decomposition. Assume that the return generating process (r;) follows a K-factor model:

r: =B ft +€t; tzl,,T (31)
~—
px1 Kx1
where f; = (f1t,..., fxt)" are the factors, B is a p x K matrix of factor loadings, and &; is the

idiosyncratic component that cannot be explained by the common factors. Factors in (3.1) can be
either observable, such as in Fama and French (1993, 2015), or can be estimated using statistical
factor models. Unobservable factors and loadings are usually estimated by the principal compo-
nent analysis (PCA), as studied in Bai (2003); Bai and Ng (2002); Connor and Korajezyk (1988);
Stock and Watson (2002). Strict factor structure assumes that the idiosyncratic disturbances, &,
are uncorrelated with each other, whereas approximate factor structure allows correlation of the
idiosyncratic disturbances (see Bai (2003); Chamberlain and Rothschild (1983) among others).

In this subsection we examine how to solve the Markowitz mean-variance portfolio allocation
problems using factor structure in the returns. We also develop Factor Graphical Lasso that uses the
estimated common factors to obtain a sparse precision matrix of the idiosyncratic component. The

resulting estimator is used to obtain the precision of the asset returns necessary to form portfolio



weights. In this paper our main interest lies in establishing asymptotic properties of the estimators
of precision matrix, portfolio weights and risk-exposure for the high-dimensional case. We assume
that the number of common factors, K = K, — 00 as p — 00, or T' — oo, or both p,T" — oo,
but we require that max{K/p, K/T} — 0 as p,T — co.

Our setup is similar to the one studied in Fan et al. (2013): we consider a spiked covariance
model when the first K principal eigenvalues of 3 are growing with p, while the remaining p — K
eigenvalues are bounded and grow slower than p.

Rewrite equation (3.1) in matrix form:

R = B F+E. (3.2)

Recall that the factors and loadings in (3.2) are estimated by solving the following minimization
problem: (B,F) = argming p||R — BF||7  s.t. +FF’ = Ix, B'B is diagonal. The constraints are
needed to identify the factors (Fan et al. (2018)). It was shown (Stock and Watson (2002)) that
F = Teigg (R'R) and B = T"'RF’. Given F,B, define E = R — BF. Let 3. = T"'EFE/
and Xy = T~'FF’ be covariance matrices of the idiosyncratic components and factors, and let

O, =37

-land ©f = E;l be their inverses. Given a sample of the estimated residuals {&; =

r,— ﬁﬁ}thl and the estimated factors {f; L. let .= (1/T) ST &€, and f)f =1/, 1
be the sample counterparts of the covariance matrices.

Since our interest is in constructing portfolio weights, our goal is to estimate a precision matrix
of the excess returns. We impose a sparsity assumption on the precision matrix of the idiosyncratic
errors, ®., which is obtained using the estimated residuals after removing the co-movements induced
by the factors (see Barigozzi et al. (2018); Brownlees et al. (2018); Koike (2020)).

Let W, be an estimate of .. Also, let f)g = diag(W,). To induce sparsity in the estimation of

10



precision matrix of the idiosyncratic errors ©., we use the following penalized Bregman divergence

with the Weighted Graphical Lasso penalty:

~

O, =arg min trace(W.0.) —logdet(0.) + A Z cfi\g,iic/i;7jj]0€7ij\. (3.3)
ecstt oy

The subscript A in C:)E’A means that the solution of the optimization problem in (3.3) will
depend upon the choice of the tuning parameter. More details are provided in Section 4 that
establishes sparsity requirements that guarantee convergence of (3.3), and Section 5 that describes
how to choose the shrinkage intensity in practice. In order to simplify notation, we will omit the
subscript A. To solve (3.3) we use the procedure based on the weighted Graphical Lasso which was
first proposed in Friedman et al. (2008) and further studied in Mazumder and Hastie (2012) and

Jankova and van de Geer (2018) among others. Define the following partitions of Wy, f]s and ©.:

~

W11 We 12 Y 012 O 11 0:12

~—— ~ ~—— ~—— ~—— ~——

We = [ o-D)xe-1) @-Dx1|,¥e=| @-Dxp-1) @-Dx1|,0 =] @-1)x@E-1) @-1)x1
/ =/ =~ / 9

We 12 We,22 O:12 0¢,22 e,12 €,22

(3.4)
Let B8 = —0.12/6-22. The idea of GLASSO is to set W, = 28 + Al in (3.3) and combine the
gradient of (3.3) with the formula for partitioned inverses to obtain the following ¢;-regularized

quadratic program

~

1 _
A= argﬁénﬂgzgl{gﬁ'ws,uﬁ ~ B0+ MBI, } (3.5)

As shown by Friedman et al. (2008), (3.5) can be viewed as a LASSO regression, where the LASSO
estimates are functions of the inner products of W, 11 and o, 12. Hence, (3.3) is equivalent to p

coupled LASSO problems. Once we obtain ﬁ, we can estimate the entries ®. using the formula for

partitioned inverses. The procedure to obtain sparse @, is summarized in Algorithm 1.

11



Algorithm 1 Graphical Lasso Friedman et al. (2008), adapted

1: Initialize W, = f]g + AL The diagonal of W, remains the same in what follows.

2: Repeat for j=1,...,p,1,...,p,... until convergence:

e Partition W, into part 1: all but the j-th row and column, and part 2: the j-th row and

column.

e Solve the score equations using the cyclical coordinate descent: We 1183 — d-12 + A -

Sign(3) = 0. This gives a (p — 1) x 1 vector solution ,@
e Update w. 12 = Ws,nﬁ-

3: In the final cycle (for i = 1,...,p) solve for % = We 22 — B’v’\\/&lg and 512 = —é\ggﬁ.
22

As was shown in Friedman et al. (2008) and the follow-up paper by Mazumder and Hastie (2012),
the estimator produced by Graphical Lasso is guaranteed to be positive definite. Note that the
original algorithm developed by Friedman et al. (2008) is not suitable under the factor structure,
therefore, a separate treatment of the statistical properties of the precision matrix estimator in
Algorithm 1 is provided in Section 4. Algorithm 1 involves the tuning parameter A, the procedure
on how to choose the shrinkage intensity coefficient is described in more detail in Subsection 5.1.

Having estimated factors, factor loadings and precision matrix of the idiosyncratic components,
we combine them using Sherman-Morrison-Woodbury formula to estimate the final precision matrix
of excess returns:

~

©=0. - 0.B[0; + B0.B]"'B'O.. (3.6)

We call the procedure described above Factor Graphical Lasso (FGL), and summarize it in Algo-

rithm 2.
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Algorithm 2 Factor Graphical Lasso
1: (FM) Estimate E and Bl (Theorem 1). Get &, =1y — ﬁﬁ, 25, ﬁf and (:)f = 2]71

2: (GL) Use Algorithm 1 to get ©,. (Theorem 2)
3: (FGL) Use O, @f and b; from Steps 1-2 to get © in Equation (3.6). (Theorem 3)
4: Use © to get we, £ € {GMV, MWC, MRC}. (Theorem 4)

5: Use & = O ! and W¢ to get portfolio exposure VAVéflv/\\/f (Theorem 5)

As we pointed out when discussing Algorithm 1, the estimator produced by Graphical Lasso
in general and FGL in particular is guaranteed to be positive definite. We have verified it in the
simulations and the empirical application. In Section 4, consistency properties of estimators are
established for the factors and loadings (Theorem 1), the precision matrix of e (Theorem 2), the
precision matrix @ (Theorem 3), portfolio weights (Theorem 1), and the portfolio risk exposure
(Theorem 5) as indicated in Algorithm 2. We can use ® obtained from (3.6) using Step 4 of

Algorithm 2 to estimate portfolio weights in (2.2), (2.3) and (2.10):

Remark 1. In practice, the number of common factors, K, is unknown and needs to be estimated.
One of the standard and commonly used approaches is to determine K in a data-driven way (Bai
and Ng (2002); Kapetanios (2010)). As an example, in their paper Fan et al. (2013) adopt the
approach from Bai and Ng (2002). However, all of the aforementioned papers deal with a fized
number of factors. Therefore, we need to adopt a different criteria since K is allowed to grow in
our setup. For this reason, we use the methodology by Li et al. (2017): let b; k' and f; i denote
K x 1 vectors of loadings and factors when K needs to be estimated, and By is a p x K matriz of

stacked b; i¢. Define

p
V() = i 7223 (e = o) @

13



where the minimum s taken over 1 < K < Kpax, subject to normalization B’KBK/p = Ix. Hence,
Fi. = VKR'Bk/p. Define f"K = F) (FF) /T)Y/2, which is a rescaled estimator of the factors
that is used to determine the number of factors when K grows with the sample size. We then apply

the following procedure described in Li et al. (2017) to estimate K :

A~

K = arg _join In(V(K,Fg))+ Kg(p, T), (3.8)

where 1 < K < Kpayx = o(min{p/1", TV16Y) and g(p,T) is a penalty function of (p,T) such that

. .. _ . 3 5/2
(i) Kmax - 9(p,T) — 0 and (i1) Cp,%,Kmax -g(p, T) — oo with Cp 1 Kpa = (’)p<max [K\‘/“g", K\f/njiz"]).

The choice of the penalty function is similar to Bai and Ng (2002). Throughout the paper we let

K be the solution to (3.8).

4 Asymptotic Properties

In this section we first provide a brief review of the terminology used in the literature on graph-
ical models and the approaches to estimate a precision matrix. After that we establish consistency
of the Factor Graphical Lasso in Algorithm 2. We also study consistency of the estimators of
weights in (2.2), (2.3) and (2.10) and the implications on the out-of sample Sharpe Ratio.

The review of the Gaussian graphical models is based on Hastie et al. (2001) and Bishop (2006).
A graph consists of a set of vertices (nodes) and a set of edges (arcs) that join some pairs of the
vertices. In graphical models, each vertex represents a random variable, and the graph visualizes
the joint distribution of the entire set of random variables. The edges in a graph are parameterized
by potentials (values) that encode the strength of the conditional dependence between the random
variables at the corresponding vertices. Sparse graphs have a relatively small number of edges.

Among the main challenges in working with the graphical models are choosing the structure of the

14



graph (model selection) and estimation of the edge parameters from the data.

Let A € S,. Define the following set for j =1,...,p:

D](A) = {’L : Aij 7& 0, 1 7é ]}, d](A) = card(Dj(A)), d(A) = ]irflx’p dJ(A), (41)

where d;(A) is the number of edges adjacent to the vertex j (i.e., the degree of vertex j), and d(A)
measures the maximum vertex degree. Define S(A) = |J/_; D;j(A) to be the overall off-diagonal
sparsity pattern, and s(A) = >-"_, d;(A) is the overall number of edges contained in the graph.

Note that card(S(A)) < s(A): when s(A) = p(p — 1)/2 this would give a fully connected graph.

4.1 Assumptions

We now list the assumptions on the model (3.1):

(A.1) (Spiked covariance model) As p — 00, A1(X) > Aa(X) > ... > Ag(Z) > A (B) > ... >
Ap(X) > 0, where A;(X) = O(p) for j < K, while the non-spiked eigenvalues are bounded,

Aj(X) =o(p) for j > K.

(A.2) (Pervasive factors) There exists a positive definite K x K matrix B such that ‘HpilB’B — EHL —

0 and Amm(f’))*l =0(1) as p — 0.

(A.3) (a) {es, fi}i>1 is strictly stationary. Also, E[e;] = Eleufir] =0Vi <p, j < K and t <T.

(b) There are constants c1, ¢ > 0 such that Amin(2:) > c1, [|2c]ll; < c2 and min;<, j<pvar(eqeje) >

C1.

(¢) There are r1,72 > 0 and by, by > 0 such that for any s > 0, i <p, j < K,
Pr(leit| > s) < exp{—(s/b1)"}, Pr(|fje| > s) < exp{—(s/b2)"}.

15



We also impose the strong mixing condition. Let FY_ and F7° denote the o-algebras that are

generated by {(f;,e;) : t <0} and {(f;,&;) : t > T'} respectively. Define the mixing coefficient

a(T) = sup |Pr APr B — Pr AB|. (4.2)
AeF°  ,BeEF®

A.4) (Strong mixing) There exists r3 > 0 such that 3r;7+1.5r; 1 +3r; 1 > 1, and C' > 0 satisfying,
1 2 3

forall T € ZT, a(T) < exp(—CT"3).

(A.5) (Regularity conditions) There exists M > 0 such that, for all i < p, t < T and s < T, such

that:

(@) [billpax <M
(b) E[p~/2{e'e, — Elele,]}]" < M and

(c) E[Hp_l/2 -1 bigitHﬂ < K?M.

Some comments regarding the aforementioned assumptions are in order. Assumptions (A.1)-
(A.4) are the same as in Fan et al. (2013), and assumption (A.5) is modified to account for
the increasing number of factors. Assumption (A.1) divides the eigenvalues into the diverging and
bounded ones. Without loss of generality, we assume that K largest eigenvalues have multiplicity of
1. The assumption of a spiked covariance model is common in the literature on approximate factor

“very

models. However, we note that the model studied in this paper can be characterized as a
spiked model”. In other words, the gap between the first K eigenvalues and the rest is increasing
with p. As pointed out by Fan et al. (2018), (A.1) is typically satisfied by the factor model
with pervasive factors, which brings us to Assumption (A.2): the factors impact a non-vanishing

proportion of individual time-series. At the end of section 5 we explore the sensitivity of portfolios

constructed using FGL when the pervasiveness assumption is relaxed, that is, when the gap between

16



the diverging and bounded eigenvalues decreases. Assumption (A.3)(a) is slightly stronger than
in Bai (2003), since it requires strict stationarity and non-correlation between {e;} and {f;} to
simplify technical calculations. In (A.3)(b) we require [|X.[||; < c2 instead of A\pee(2:) = O(1) to
estimate K consistently. When K is known, as in Fan et al. (2011); Koike (2020), this condition
can be relaxed. (A.3)(c) requires exponential-type tails to apply the large deviation theory to
(1/T) ZZ;I €it€jt — Oy ij and (1/T) 25:1 fjtuie. However, in Subsection 4.6 we discuss the extension
of our results to the setting with elliptical distribution family which is more appropriate for financial
applications. Specifically, we discuss the appropriate modifications to the initial estimator of the
covariance matrix of returns such that the bounds derived in this paper continue to hold. (A.4)-
(A.5) are technical conditions which are needed to consistently estimate the common factors and
loadings. The conditions (A.5)(a-b) are weaker than those in Bai (2003) since our goal is to
estimate a precision matrix, and (A.5)(c) differs from Bai (2003) and Bai and Ng (2006) in that
the number of factors is assumed to slowly grow with p.

In addition, the following structural assumption on the population quantities is imposed:

(B-1) |2 nay = O1), [Bllpay = O(1), and [ml|, = O(1).

max max

The sparsity of ©, is controlled by the deterministic sequences sy and dr: s(®.) = Op(st) for
some sequence s € (0,00), T'=1,2,..., and d(®.) = O,(dr) for some sequence dr € (0,00), T =
1,2,.... We will impose restrictions on the growth rates of sy and dr. Note that assumptions on
dr are weaker since they are always satisfied when s = dr. However, dr can generally be smaller
than sp. In contrast to Fan et al. (2013) we do not impose sparsity on the covariance matrix of
the idiosyncratic component, instead, it is more realistic and relevant for error quantification in
portfolio analysis to impose conditional sparsity on the precision matrix after the common factors

are accounted for.
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4.2 The FGL Procedure

Recall the definition of the Weighted Graphical Lasso estimator in (3.3) for the precision matrix
of the idiosyncratic components. Also, recall that to estimate ® we used equation (3.6). Therefore,
in order to obtain the FGL estimator © we take the following steps: (1): estimate unknown
factors and factor loadings to get an estimator of ¥.. (2): use 3. to get an estimator of ©, in
(3.3). (3): use ©. together with the estimators of factors and factor loadings from Step 1 to obtain
the final precision matrix estimator (:), portfolio weight estimator W, and risk exposure estimator
¢ = WO~ W where £ € {GMV, MWC, MRC}.

Subsection 4.3 examines the theoretical foundations of the first step, and Subsections 4.4-4.5

are devoted to steps 2 and 3.

4.3 Convergence of Unknown Factors and Loadings

As pointed out in Bai (2003) and Fan et al. (2013), K x 1-dimensional factor loadings {b;}}_,,
which are the rows of the factor loadings matrix B, and K x 1-dimensional common factors {f;}7_,,
which are the columns of F, are not separately identifiable. Concretely, for any K x K matrix
H such that HH = Ix, Bf, = BH'Hf,, therefore, we cannot identify the tuple (B,f;) from
(BH',Hf;). Let K € {1,..., Kupax} denote the estimated number of factors, where Kpay is allowed
to increase at a slower speed than min{p, T'} such that K., = o(min{p'/3,T}) (see Li et al. (2017)
for the discussion about the rate).

Define V tobe a K x K diagonal matrix of the first K largest eigenvalues of the sample covariance
matrix in decreasing order. Further, define a K x K matrix H = (1/T)V’1f"FB/B. For t < T,
Hf, = T_lV_lf"(Bfl, ..., Bfp)'Bf;, which depends only on the data V~IF and an identifiable
part of parameters {Bft};f:l. Hence, Hf; does not have an identifiability problem regardless of the

imposed identifiability condition.
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Let v~1 =3r] Ly 1.575 Ty Ty 1 4+ 1. The following theorem is an extension of the results in Fan
et al. (2013) for the case when the number of factors is unknown and is allowed to grow. Proofs of

all the theorems are in Appendix A.

Theorem 1. Suppose that K. = o(min{p'/3,T}), K3logp = o(T7/%), KT = o(p?) and As-

sumptions (A.1)-(A.5) and (B.1) hold. Let wip = K3/2\/10gp/T+K/\/Z) and wyr = K/VT +

~

KTY4/./p. Then maxigp‘ b; — Hb;

= Op(wlT) and maxtSTHE — HftH = OP((,UQT).

The conditions K> logp = o(T"/%), KT = o(p?) are similar to Fan ct al. (2013), the difference
arises due to the fact that we do not fix K, hence, in addition to the factor loadings, there are
KT factors to estimate. Therefore, the number of parameters introduced by the unknown growing
factors should not be “too large”, such that we can consistently estimate them uniformly. The
growth rate of the number of factors is controlled by K. = o(min{p'/3,T}).

The bounds derived in Theorem 1 help us establish the convergence properties of the estimated

idiosyncratic covariance, 3., and precision matrix ®. which are presented in the next theorem:

Theorem 2. Let wyr = K2\/logp/T + K?’/\/ﬁ Under the assumptions of Theorem 1 and with
A =X wap (where X\ is the tuning parameter in (3.3)), the estimator f]s obtained by estimating factor

model in (3.2) satisfies Hf]s -3,

= Op(wsr). Let or be a sequence of positive-valued random
max

variables such that Q;lng 0. If spor EN 0, then H‘@E — O,

= Op(orst) as T — oo for any

le[l,00].

Note that the term containing K3/ /D arises due to the need to estimate unknown factors: Fan
et al. (2011) obtained a similar rate but for the case when factors are observable (in their work,
war = K12 \/W) The second part of Theorem 2 is based on the relationship between the
convergence rates of the estimated covariance and precision matrices established in Jankova and

van de Geer (2018) (Theorem 14.1.3). Koike (2020) obtained the convergence rate when factors
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are observable: the rate obtained in our paper is slower due to the fact that factors need to be
estimated (concretely, the rate under observable factors would satisfy g}l\/w 50 ). We
now comment on the optimality of the rate in Theorem 2: as pointed out in Koike (2020), in the
standard Gaussian setting without factor structure, the minimax optimal rate is d(®.)+/logp/T,
which can be faster than the rate obtained in Theorem 2 if d(®.) < sp. Using penalized nodewise
regression could help achieve this faster rate. However, our empirical application to the monthly
stock returns demonstrated superior performance of the Weighted Graphical Lasso compared to the
nodewise regression in terms of the out-of-sample Sharpe Ratio and portfolio risk. Hence, in order
not to divert the focus of this paper, we leave the theoretical properties of the nodewise regression

for future research.

4.4 Convergence of Precision Matrix Estimator and Portfolio Weights by FGL

Having established the convergence properties of flg and C:)g, we now move to the estimation

of the precision matrix of the factor-adjusted returns in equation (3.6).

Theorem 3. Under the assumptions of Theorem 2, if drstor 20, then H‘é — (QH’2 = Op(orsT)

and H’C:) — G))Hl = (’)p(gTdTK3/25T).

Note that since, by construction, the precision matrix obtained using the Factor Graphical

Lasso is symmetric,

Hé — @H‘ can be trivially obtained from the above theorem.
oo
Using Theorem 3, we can then establish the consistency of the estimated weights of portfolios

based on the Factor Graphical Lasso.

Theorem 4. Under the assumptions of Theorem 5, we additionally assume [|®l||, = O(1) (this
additional requirement essentially imposes Ap(X) > 0 in (A.1)), and ordast = o(1). Algorithm 2

consistently estimates portfolio weights in (2.2), (2.3) and (2.10):
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lWemyv —waemvll; = OP(QTd%pK?’ST) = op(1), [Wuwe — wuwell; = Op(ord:K3sr) = op(1),

and |Wymrc — Wurell, = Op (d;/zK?’ : [QTST]1/2> =op(1).

We now comment on the rates in Theorem 4: first, the rates obtained by Callot et al. (2019)
for GMV and MWC formulations, when no factor structure of stock returns is assumed, require
5(0)3/2\/logp/T = op(1), where the authors imposed sparsity on the precision matrix of stock
returns, ®. Therefore, if the precision matrix of stock returns is not sparse, portfolio weights can
be consistently estimated only if p is less than T"/3 (since (p — 1)>/2y/logp/T = o(1) is required
to ensure consistent estimation of portfolio weights). Our result in Theorem 4 improves this rate
and shows that as long as d2TsTK 3\/W = op(1) we can consistently estimate weights of the
financial portfolio. Specifically, when the precision of the factor-adjusted returns is sparse, we can
consistently estimate portfolio weights when p > T' without assuming sparsity on 3 or @. Second,
note that GMV and MWC weights converge slightly slower than MRC weight. This result is further

supported by our simulations presented in the next section.

4.5 Implications on Portfolio Risk Exposure

Having examined the properties of portfolio weights, it is natural to comment on the portfolio
variance estimation error. It is determined by the errors in two components: the estimated covari-
ance matrix and the estimated portfolio weights. Define a = ¢,0¢,/p, b = ¢,®m/p, d = m'@m/p,
g = Vm'@m/p and @ = L;@Lp/p, b = L;)@I/I\l/p, d = ffl’@r?l/p, g =V fflléﬁ\l/p. Define
Pomv = Wi EwWenmy = (pa)~! to be the global minimum variance, ®ywe = W o EWauwe =

—1| ap?—2bp+d
p ad—b2

} is the MWC portfolio variance, and ®yre = Wiy poEWarre = 02(pg) is the MRC
portfolio variance. We use the terms variance and risk exposure interchangeably. Let &JGMV, &)MWC,
and &)MRC be the sample counterparts of the respective portfolio variances. The expressions for

Penvv and Pywe were derived in Fan et al. (2008) and Callot et al. (2019). Theorem 5 establishes
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the consistency of a large portfolio’s variance estimator.

Theorem 5. Under the assumptions of Theorem 3, FGL consistently estimates GMV, MWC, and
MRC portfolio variance:
S v/ Pemy — 1) = Op(ordrsrK3/*) = op(1),

@ yrwe/ P pwe — 1‘ = Op(ordrsTK3/?) = op(1),

® e/ P pre — 1‘ = OP([QTdTSTK3/2]1/2) =op(1).

Callot et al. (2019) derived a similar result for ®gyy and Pywe under the assumption that
precision matrix of stock returns is sparse. Also, Ding et al. (2021) derived the bounds for ®gny
under the factor structure assuming sparse covariance matrix of idiosyncratic components and gross
exposure constraint on portfolio weights which limits negative positions.

The empirical application in Section 6 reveals that the portfolios constructed using MRC for-
mulation have higher risk compared with GMV and MWC alternatives: using monthly and daily
returns of the components of S&P500 index, MRC portfolios exhibit higher out-of-sample risk and
return compared to the alternative formulations. Furthermore, the empirical exercise demonstrates
that the higher return of MRC portfolios outweighs higher risk for the monthly data which is

evidenced by the increased out-of-sample Sharpe Ratio.

4.6 Generalization: Sub-Gaussian and Elliptical Distributions

So far the consistency of the Factor Graphical Lasso in Theorem 4 relied on the assumption of
the exponential-type tails in (A.3)(c). Since this tail-behavior may be too restrictive for financial
portfolio, we comment on the possibility to relax it. First, recall where (A.3)(c) was used before:
we required this assumption in order to establish convergence of unknown factors and loadings
in Theorem 1, which was further used to obtain the convergence properties of 25 in Theorem 2.

Hence, when Assumption (A.3)(c) is relaxed, one needs to find another way to consistently estimate
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3... We achieve it using the tools developed in Fan et al. (2018). Specifically, let ¥ = TAT,
where X is the covariance matrix of returns that follow a factor structure described in equation
(3.1). Define f],KK,f‘K to be the estimators of 3, A,I". We further let Ag = diag(j\l, . .,S\K)
and T x = (01,...,0K) to be constructed by the first K leading empirical eigenvalues and the

corresponding eigenvectors of S and BB’ = f‘KKKf‘,K Similarly to Fan et al. (2018), we require

the following bounds on the componentwise maximums of the estimators:

= Op(y/logp/T),

max

(c.1) |[s - 2‘

(c.2) |[(Ax - A)A—l(

= Op(K/logp/T),

max

(C3) [Tk =T = 0p(KY2\/logp/(Tp)).

max

Let 5¢ be the sample covariance matrix, with K}q{G and f‘}q{G constructed with the first K
leading empirical eigenvalues and eigenvectors of 356G respectively. Also, let SELL — DR,D,
where R; is obtained using the Kendall’s tau correlation coefficients and D is a robust estimator
of variances constructed using the Huber loss. Furthermore, let SEL2 — ﬁﬁQﬁ, where ﬁ,Q is
obtained using the spatial Kendall’s tau estimator. Define K}E(L to be the matrix of the first K
leading empirical eigenvalues of f)ELl, and f‘EL is the matrix of the first K leading empirical
eigenvectors of $EL2 For more details regarding constructing fJSG, SELL and SFL2 gee Fan of al.

(2018), Sections 3 and 4.

Proposition 1. For sub-Gaussian distributions, f)SG, K%G and f‘%G satisfy (C.1)-(C.3).
For elliptical distributions, SELL, KgL and f‘EL satisfy (C.1)-(C.3).

When (C.1)-(C.3) are satisfied, the bounds obtained in Theorems 2-5 continue to hold.

Proposition 1 is essentially a rephrasing of the results obtained in Fan et al. (2018), Sections

3 and 4. The difference arises due to the fact that we allow K to increase, which is reflected in
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the modified rates in (C.2)-(C.3). As evidenced from the above Proposition, £#%2 is only used
for estimating the eigenvectors. This is necessary due to the fact that, in contrast with f]Em, the
SEL

theoretical properties of the eigenvectors of are mathematically involved because of the sin

function. The FGL for the elliptical distributions will be called the Robust FGL.

5 Monte Carlo

In order to validate our theoretical results, we perform several simulation studies which are
divided into four parts. The first set of results computes the empirical convergence rates and com-
pares them with the theoretical expressions derived in Theorems 3-5. The second set of results
compares the performance of the FGL with several alternative models for estimating covariance
and precision matrix. To highlight the benefit of using the information about factor structure as
opposed to standard graphical models, we include Graphical Lasso by Friedman et al. (2008) (GL)
that does not account for the factor structure. To explore the benefits of using FGL for error quan-
tification in (3.6), we consider several alternative estimators of covariance/precision matrix of the
idiosyncratic component in (3.6): (1) linear shrinkage estimator of covariance developed by Ledoit
and Wolf (2004) further referred to as Factor LW or FLW; (2) nonlinear shrinkage estimator of
covariance by Ledoit and Wolf (2017) (Factor NLW or FNLW); (3) POET (Fan et al. (2013)); (4)
constrained ¢;-minimization for inverse matrix estimator, Clime (Cai et al. (2011)) (Factor Clime
or FClime). Furthermore, we discovered that in certain setups the estimator of covariance pro-
duced by POET is not positive definite. In such cases we use the matrix symmetrization procedure
as in Fan et al. (2018) and then use eigenvalue cleaning as in Callot et al. (2017) and Hautsch
et al. (2012). This estimator is referred to as Projected POET; it coincides with POET when the

covariance estimator produced by the latter is positive definite. The third set of results examines

the performance of FGL and Robust FGL (described in Subsection 4.6) when the dependent vari-
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able follows elliptical distribution. The fourth set of results explores the sensitivity of portfolios
constructed using different covariance and precision estimators of interest when the pervasiveness
assumption (A.2) is relaxed, that is, when the gap between the diverging and bounded eigenvalues
decreases. All exercises in this section use 100 Monte Carlo simulations.

We first discuss the choice of the tuning parameter A in (3.3) used in Algorithm 1. Let @57,\
be the solution to (3.3) for a fixed A. Following Koike (2020), we minimize the following Bayesian

Information Criterion (BIC) using grid search:

BIC()) = T[trace(@€7>\f]€) —log det(@m)] +(logT) Y1 [@,A,lj v 0} . (5.1)
i<j
The grid G = {A1,..., A} is constructed as follows: the maximum value in the grid, A, is set to

be the smallest value for which all the off-diagonal entries of @57 A, are zero, that is, the maximum
modulus of the off-diagonal entries of flg. The smallest value of the grid, Ay € G, is determined
as A\; = Y\, for a constant ¥ > 0. The remaining grid values Ai,..., Ay, are constructed in the
ascending order from A; to A, on the log scale:

i—1
m—1

Ai:exp(log()q)—l— log()\m/Al)), i=2,...,m—1.

We use ¥ = wsr and m = 10 in the simulations and the empirical exercise. We consider the
following setup: let p = 7%, 6 = 0.85, K = 2(logT)* and T = [2"], for h = 7,7.5,8,...,9.5. A
sparse precision matrix of the idiosyncratic components is constructed as follows: we first generate

the adjacency matrix using a random graph structure. Define a p x p adjacency matrix A, which
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is used to represent the structure of the graph:

1, for i # j with probability q,
0,577;‘7' = (52)

0, otherwise.

Let a.;; denote the i, j-th element of the adjacency matrix A.. We set a.;; = acj; = 1, for i # j
with probability ¢, and 0 otherwise. Such structure results in s = p(p — 1)¢/2 edges in the graph.
To control sparsity, we set ¢ = 1/(pT°®), which makes st = O(T"%). The adjacency matrix has
all diagonal elements equal to zero. Hence, to obtain a positive definite precision matrix we apply
the procedure described in Zhao et al. (2012): using their notation, @, = A, - v+ I(|7| + 0.1 + u),
where u > 0 is a positive number added to the diagonal of the precision matrix to control the
magnitude of partial correlations, v controls the magnitude of partial correlations with u, and 7 is
the smallest eigenvalue of A. - v. In our simulations we use uv = 0.1 and v = 0.3.

Factors are assumed to have the following structure:

fi=osfi 1+ ¢ (5.3)
r: =B ft + &4, tzl,,T (54)

~— ~—

px1 Kx1

where g; is a p x 1 random vector of idiosyncratic errors following A (0, X.), with sparse ©. that
has a random graph structure described above, f; is a K x 1 vector of factors, ¢ is an autoregressive
parameter in the factors which is a scalar for simplicity, B is a p x K matrix of factor loadings, (;
is a K x 1 random vector with each component independently following N (0, O'g). To create B in
(5.4) we take the first K rows of an upper triangular matrix from a Cholesky decomposition of the
p X p Toeplitz matrix parameterized by p. For the first set of results we set p = 0.2, ¢y = 0.2 and

O'g = 1. The specification in (5.4) leads to the low-rank plus sparse decomposition of the covariance
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matrix of stock returns ry.

As a first exercise, we compare the empirical and theoretical convergence rates of the precision
matrix, portfolio weights and exposure. A detailed description of the procedure and the simulation
results is provided in Appendix B.1. We confirm that the empirical rates and theoretical rates from
Theorems 3-5 are matched.

As a second exercise, we compare the performance of FGL with the alternative models listed
at the beginning of this section. We consider two cases: Case 1 is the same as for the first set of
simulations (p < T): p=T°, § = 0.85, K = 2(log T)%°, s7 = O(T"%). Case 2 captures the cases
when p > T with p = 3-79, § = 0.85, all else equal. The results for Case 2 are reported in Figure 1-
3, and Case 1 is located in Appendix B.2. FGL demonstrates superior performance for estimating
precision matrix and portfolio weights in both cases, exhibiting consistency for both Case 1 and
Case 2 settings. Also, FGL outperforms GL for estimating portfolio exposure and consistently
estimates the latter, however, depending on the case under consideration some alternative models
produce lower averaged error.

As a third exercise, we examine the performance of FGL and Robust FGL (described in sub-
section 4.6) when the dependent variable follows elliptical distributions. A detailed description of
the data generating process (DGP) and simulation results are provided in Appendix B.3. We find
that the performance of FGL for estimating the precision matrix is comparable with that of Robust
FGL: this suggests that our FGL algorithm is robust to heavy-tailed distributions even without
additional modifications.

As a final exercise, we explore the sensitivity of portfolios constructed using different covariance
and precision estimators of interest when the pervasiveness assumption (A.2) is relaxed. A detailed
description of the data generating process (DGP) and simulation results are provided in Appendix

B.4. We verify that FGL exhibits robust performance when the gap between the diverging and
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bounded eigenvalues decreases. In contrast, POET and Projected POET are most sensitive to
relaxing pervasiveness assumption which is consistent with our empirical findings and also with the

simulation results by Onatski (2013).

6 Empirical Application

In this section we examine the performance of the Factor Graphical Lasso for constructing a
financial portfolio using daily data. The description and empirical results for monthly data can be
found in Appendix C. We first describe the data and the estimation methodology, then we list four

metrics commonly reported in the finance literature, and, finally, we present the results.

6.1 Data

We use daily returns of the components of the S&P500 index. The data on historical S&P500
constituents and stock returns is fetched from CRSP and Compustat using SAS interface. For the
daily data the full sample size has 5040 observations on 420 stocks from January 20, 2000 - January
31, 2020. We use January 20, 2000 - January 24, 2002 (504 obs) as the first training (estimation)
period and January 25, 2002 - January 31, 2020 (4536 obs) as the out-of-sample test period. We roll
the estimation window (training periods) over the test sample to rebalance the portfolios monthly.
At the end of each month, prior to portfolio construction, we remove stocks with less than 2 years
of historical stock return data.

We examine the performance of Factor Graphical Lasso for three alternative portfolio allocations
(2.2), (2.3) and (2.10) and compare it with the equal-weighted portfolio (EW), index portfolio
(Index), FClime, FLW, FNLW (as in the simulations, we use alternative covariance and precision
estimators that incorporate the factor structure through Sherman-Morrison inversion formula),

POET and Projected POET. Index is the composite S&P500 index listed as “"GSPC. We take the
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risk-free rate and Fama/French factors from

6.2 Performance Measures

Similarly to Callot et al. (2019), we consider four metrics commonly reported in the finance
literature: the Sharpe Ratio, the portfolio turnover, the average return and the risk of a portfolio
(which is defined as the square root of the out-of-sample variance of the portfolio). We consider
two scenarios: with and without transaction costs. Let 1" denote the total number of observations,
the training sample consists of m = 504 observations, and the test sample is n =T — m.

When transaction costs are not taken into account, the out-of-sample average portfolio return,

variance and Sharpe Ratio (SR) are

[y

T—
1 o~ . . A
E (Wirsi1 = fitest)”s SR = fitest/Ftest- (6.1)
m

T—1
fltest = 1 E WiTt 1, Opagy =
est — -
nt_m ttt+1s CUtest n—1

~

When transaction costs are considered, we follow Ban et al. (2018); Callot et al. (2019); DeMiguel
et al. (2009); Li (2015) to account for the transaction costs, further denoted as tc. In line with the
aforementioned papers, we set tc = 50bps. Define the excess portfolio at time ¢+ 1 with transaction

costs (tc) as

p

— & =~/ ~ A4
Tt+1,portfolio = Wl't41 — tC(l + Wtrt—l-l) E ‘wt—i-l,j - th ) (62)
Jj=1

where

14 rep1y + 1]
= 1y, t+1,5 T Ty : (6.3)

f
1+ Tt+1,portfolio T Ty

A+
Wt j

Tiy15+ 7{ 41 is sum of the excess return of the j-th asset and risk-free rate, and r441 portfolio —{—r{ 1118
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the sum of the excess return of the portfolio and risk-free rate. The out-of-sample average portfolio

return, variance, Sharpe Ratio and turnover are defined accordingly:

1 T-1 1 T-1
~ ~92 ~ 2 ~ ~
Htest,tc = E g T't,portfolios Ttest,tc — n—1 (7’ t,portfolio — ,utest,tc) , SRtc = Mtest,tc/ Otest,tcs (6-4)
t=m t=m
T—1 p
1 - ~+
Turnover = - g Wep1,5 — Wi (6.5)
t=m j=1
6.3 Results

This section explores the performance of the Factor Graphical Lasso for the financial portfolio
using daily data. We consider two scenarios, when the factors are unknown and estimated using
the standard PCA (statistical factors), and when the factors are known. The number of statistical
factors, K , is estimated in accordance with Remark 1. For the scenario with known factors we
include up to 5 Fama-French factors: FF1 includes the excess return on the market, FF3 includes
FF1 plus size factor (Small Minus Big, SMB) and value factor (High Minus Low, HML), and FF5
includes FF3 plus profitability factor (Robust Minus Weak, RMW) and risk factor (Conservative
Minus Agressive, CMA). In Table 1 and Appendix C, we report the daily and monthly portfolio
performance for three alternative portfolio allocations in (2.2), (2.3) and (2.10). Following Callot
et al. (2019), we set a return target p = 0.0378% which is equivalent to 10% yearly return when
compounded. The target level of risk for the weight-constrained and risk-constrained Markowitz
portfolio (MWC and MRC) is set at o = 0.013 which is the standard deviation of the daily excess
returns of the S&P500 index in the first training set. Following Callot et al. (2019), transaction
costs for each individual stock are set to be a constant 0.1%.

Let us summarize the results for daily data in Table 1: (1) MRC portfolios produce higher return
and higher risk, compared to MWC and GMV. However, the out-of-sample Sharpe Ratio for MRC

is lower than that of MWC and GMV, which implies that the higher risk of MRC portfolios is not
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fully compensated by the higher return. (2) FGL outperforms all the competitors, including EW
and Index. Specifically, our method has the lowest risk and turnover (compared to FClime, FLW,
FNLW and POET), and the highest out-of-sample Sharpe Ratio compared with all alternative
methods. (3) The implementation of POET for MRC resulted in the erratic behavior of this
method for estimating portfolio weights, concretely, many entries in the weight matrix had “NaN”
entries. We elaborate on the reasons behind such performance below. (4) Using the observable
Fama-French factors in the FGL, in general, produces portfolios with higher return and higher
out-of-sample Sharpe Ratio compared to the portfolios based on statistical factors. Interestingly,
this increase in return is not followed by higher risk. The results for monthly data are provided in
Appendix C: all the conclusions are similar to the ones for daily data.

We now examine possible reasons behind the observed puzzling behavior of POET and Projected
POET. The erratic behavior of the former is caused by the fact that POET estimator of covariance
matrix was not positive-definite which produced poor estimates of GMV and MWC weights and
made it infeasible to compute MRC weights (recall, by construction MRC weight in (2.10) requires
taking a square root). To explore deteriorated behavior of Projected POET, let us highlight two
findings outlined by the existing closely related literature. First, Bailey et al. (2020) examined
“pervasiveness” degree, or strength, of 146 factors commonly used in the empirical finance literature,
and found that only the market factor was strong, while all other factors were semi-strong. This
indicates that the factor pervasiveness assumption (A.2) might be unrealistic in practice. Second,
as pointed out by Onatski (2013), “the quality of POET dramatically deteriorates as the systematic-
idiosyncratic eigenvalue gap becomes small”. Therefore, being guided by the two aforementioned
findings, we attribute deteriorated performance of POET and Projected POET to the decreased gap
between the diverging and bounded eigenvalues documented in the past studies on financial returns.

High sensitivity of these two covariance estimators in such settings was further supported by our
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additional simulation study (Appendix B.4) examining the robustness of portfolios constructed
using different covariance and precision estimators.

Table 2 compares the performance of FGL and the alternative methods for the daily data
for different time periods of interesting episodes in terms of the cumulative excess return (CER)
and risk. To demonstrate the performance of all methods during the periods of recession and
expansion, we chose four periods and recorded CER for the whole year in each period of interest.
Two years, 2002 and 2008 correspond to the recession periods, which is why we we refer to them
as “Downturns”. We note that the references to Argentine Great Depression and The Financial
Crisis do not intend to limit these economic downturns to only one year. They merely provide the
context for the recessions. The other two years, 2017 and 2019, correspond to the years which were
relatively favorable to the stock market (“Booms”). Table 2 reveals some interesting findings: (1)
MRC portfolios yield higher CER and they are characterized by higher risk. (2) MRC is the only
type of portfolio that produces positive CER during both recessions. Note that all models that
used MWC and GMV during that time experienced large negative CER. (3) When EW and Index
have positive CER (during Boom periods), all portfolio formulations also produce positive CER.
However, the return accumulated by MRC is mostly higher than that by MWC and GMV portfolio
formulations. (4) FGL mostly outperforms the competitors, including EW and Index in terms of

CER and risk.

7 Conclusion

In this paper, we propose a new conditional precision matrix estimator for the excess returns
under the approximate factor model with unobserved factors that combines the benefits of graphical
models and factor structure. We established consistency of FGL in the spectral and £; matrix norms.

In addition, we proved consistency of the portfolio weights and risk exposure for three formulations
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of the optimal portfolio allocation without assuming sparsity on the covariance or precision matrix of
stock returns. All theoretical results established in this paper hold for a wide range of distributions:
sub-Gaussian family (including Gaussian) and elliptical family. Our simulations demonstrate that
FGL is robust to very heavy-tailed distributions, which makes our method suitable for the financial
applications. Furthermore, we demonstrate that in contrast to POET and Projected POET, the
success of the proposed method does not heavily depend on the factor pervasiveness assumption:
FGL is robust to the scenarios when the gap between the diverging and bounded eigenvalues
decreases.

The empirical exercise uses the constituents of the S&P500 index and demonstrates superior
performance of FGL compared to several alternative models for estimating precision (FClime) and
covariance (FLW, FNLW, POET) matrices, Equal-Weighted (EW) portfolio and Index portfolio
in terms of the out-of-sample Sharpe Ratio and risk. This result is robust to both monthly and
daily data. We examine three different portfolio formulations and discover that the only portfolios
that produce positive cumulative excess return (CER) during recessions are the ones that relax the

constraint requiring portfolio weights sum up to one.

33



References

Ait-Sahalia, Y. and Xiu, D. (2017). Using principal component analysis to estimate a high dimen-
sional factor model with high-frequency data. Journal of Econometrics, 201(2):384-399.

Awoye, O. A. (2016). Markowitz Minimum Variance Portfolio Optimization Using New Machine
Learning Methods. PhD thesis, University College London.

Bai, J. (2003). Inferential theory for factor models of large dimensions. Econometrica, 71(1):135-
171.

Bai, J. and Ng, S. (2002). Determining the number of factors in approximate factor models.
Econometrica, 70(1):191-221.

Bai, J. and Ng, S. (2006). Confidence intervals for diffusion index forecasts and inference for
factor-augmented regressions. Econometrica, 74(4):1133-1150.

Bailey, N., Kapetanios, G., and Pesaran, M. H. (2020). Measurement of factor strength: Theory
and practice.

Ban, G.-Y., El Karoui, N., and Lim, A. E. (2018). Machine learning and portfolio optimization.
Management Science, 64(3):1136-1154.

Barigozzi, M., Brownlees, C., and Lugosi, G. (2018). Power-law partial correlation network models.
FElectronic Journal of Statistics, 12(2):2905-2929.

Bishop, C. M. (2006). Pattern Recognition and Machine Learning (Information Science and Statis-
tics). Springer-Verlag, Berlin, Heidelberg.

Brownlees, C., Nualart, E., and Sun, Y. (2018). Realized networks. Journal of Applied Economet-
rics, 33(7):986-1006.

Cai, T., Liu, W., and Luo, X. (2011). A constrained 11-minimization approach to sparse precision
matrix estimation. Journal of the American Statistical Association, 106(494):594-607.

Cai, T. T., Hu, J., Li, Y., and Zheng, X. (2020). High-dimensional minimum variance portfolio
estimation based on high-frequency data. Journal of Econometrics, 214(2):482-494.

Callot, L., Caner, M., Onder, A. O., and Ulagan, E. (2019). A nodewise regression approach to
estimating large portfolios. Journal of Business € Economic Statistics, 0(0):1-12.

Callot, L. A. F., Kock, A. B., and Medeiros, M. C. (2017). Modeling and forecasting large realized
covariance matrices and portfolio choice. Journal of Applied Econometrics, 32(1):140-158.

Campbell, J. Y., Lo, A. W., and MacKinlay, A. C. (1997). The Econometrics of Financial Markets.
Princeton University Press.

Chamberlain, G. and Rothschild, M. (1983). Arbitrage, factor structure, and mean-variance analysis
on large asset markets. Econometrica, 51(5):1281-1304.

Connor, G. and Korajczyk, R. A. (1988). Risk and return in an equilibrium APT: Application of
a new test methodology. Journal of Financial Economics, 21(2):255-289.

34



DeMiguel, V., Garlappi, L., and Uppal, R. (2009). Optimal versus naive diversification: How
inefficient is the 1/n portfolio strategy? The Review of Financial Studies, 22(5):1915-1953.

Ding, Y., Li, Y., and Zheng, X. (2021). High dimensional minimum variance portfolio estimation
under statistical factor models. Journal of Econometrics, 222(1, Part B):502-515.

Fama, E. F. and French, K. R. (1993). Common risk factors in the returns on stocks and bonds.
Journal of Financial Economics, 33(1):3-56.

Fama, E. F. and French, K. R. (2015). A five-factor asset pricing model. Journal of Financial
Economics, 116(1):1-22.

Fan, J., Fan, Y., and Lv, J. (2008). High dimensional covariance matrix estimation using a factor
model. Journal of Econometrics, 147(1):186 — 197.

Fan, J., Liao, Y., and Mincheva, M. (2011). High-dimensional covariance matrix estimation in
approximate factor models. The Annals of Statistics, 39(6):3320-3356.

Fan, J., Liao, Y., and Mincheva, M. (2013). Large covariance estimation by thresholding principal
orthogonal complements. Journal of the Royal Statistical Society: Series B, 75(4):603-680.

Fan, J., Liu, H., and Wang, W. (2018). Large covariance estimation through elliptical factor models.
The Annals of Statistics, 46(4):1383-1414.

Friedman, J., Hastie, T., and Tibshirani, R. (2008). Sparse inverse covariance estimation with the
Graphical Lasso. Biostatistics, 9(3):432-441.

Goto, S. and Xu, Y. (2015). Improving mean variance optimization through sparse hedging restric-
tions. Journal of Financial and Quantitative Analysis, 50(6):1415-1441.

Hastie, T., Tibshirani, R., and Friedman, J. (2001). The Elements of Statistical Learning. Springer
Series in Statistics. Springer New York Inc., New York, NY, USA.

Hautsch, N., Kyj, L. M., and Oomen, R. C. A. (2012). A blocking and regularization approach
to high-dimensional realized covariance estimation. Journal of Applied Econometrics, 27(4):625—
645.

Jankovd, J. and van de Geer, S. (2018). Inference in high-dimensional graphical models. Handbook
of Graphical Models, Chapter 14, pages 325-351. CRC Press.

Kapetanios, G. (2010). A testing procedure for determining the number of factors in approximate
factor models with large datasets. Journal of Business & Economic Statistics, 28(3):397-409.

Koike, Y. (2020). De-biased graphical lasso for high-frequency data. Entropy, 22(4):456.

Ledoit, O. and Wolf, M. (2004). A well-conditioned estimator for large-dimensional covariance
matrices. Journal of Multivariate Analysis, 88(2):365—-411.

Ledoit, O. and Wolf, M. (2017). Nonlinear shrinkage of the covariance matrix for portfolio selection:
Markowitz meets goldilocks. The Review of Financial Studies, 30(12):4349-4388.

Li, H., Li, Q., and Shi, Y. (2017). Determining the number of factors when the number of factors
can increase with sample size. Journal of Econometrics, 197(1):76-86.

35



Li, J. (2015). Sparse and stable portfolio selection with parameter uncertainty. Journal of Business
& Economic Statistics, 33(3):381-392.

Markowitz, H. (1952). Portfolio selection. The Journal of Finance, 7(1):77-91.

Mazumder, R. and Hastie, T. (2012). The Graphical Lasso: new insights and alternatives. Electronic
Journal of Statistics, 6:2125-2149.

Meinshausen, N. and Biihlmann, P. (2006). High-dimensional graphs and variable selection with
the lasso. The Annals of Statistics, 34(3):1436-1462.

Millington, T. and Niranjan, M. (2017). Robust portfolio risk minimization using the graphical
lasso. In Neural Information Processing, pages 863-872, Cham. Springer International Publishing.

Onatski, A. (2013). Discussion on the paper by Fan J., Liao Y., and Mincheva M. Large covariance
estimation by thresholding principal orthogonal complements. Journal of the Royal Statistical
Society: Series B, 75(4):650-652.

Ross, S. A. (1976). The arbitrage theory of capital asset pricing. Journal of Economic Theory,
13(3):341-360.

Stock, J. H. and Watson, M. W. (2002). Forecasting using principal components from a large
number of predictors. Journal of the American Statistical Association, 97(460):1167-1179.

Tobin, J. (1958). Liquidity preference as behavior towards risk. The Review of Economic Studies,
25(2):65-86.

Zhao, T., Liu, H., Roeder, K., Lafferty, J., and Wasserman, L. (2012). The HUGE package for
high-dimensional undirected graph estimation in R. Journal of Machine Learning Research,
13(1):1059-1062.

36



.‘_‘/—" -
— ."'""""F —_—— GL
—A—  FLW ~
FClime
— 27 POET —_
= — FNLW = <
® 5] —a
T 6.+ FGL . . S~
< " < -
= = s
=) o o A
S S
(}.I —
< "
T A A
T T T T T T T T T T T T
7.0 75 8.0 8.9 9.0 95 7.0 75 8.0 8.5 90 95
logo(T) logz(T)

Figure 1: Averaged errors of the estimators of ® for Case 2 on logarithmic scale:
p=3-T0%, K =2(logT)"5, sp = O(T"%).

— ™ o

.-""""-"

—a— LW .
<7 FClime e
POET
—  FNLW
-9 FGL

log (W — Wandly)
-1
|

100, (I¥yre— Whardh)
-1
I

o

ﬂfﬂ_&_———ﬁ_ﬁ_ﬂ

-2
I

-3
|
4
1
&

7.0 75 8.0 8.5 9.0 95 7.0 7.5 8.0 8.5 9.0 95

logx(T) logz(T)

Figure 2: Averaged errors of the estimators of wgmvy (left) and wyre (right) for Case
2 on logarithmic scale: p =3 -T%%, K = 2(logT)"®, s = O(T%%).

37



® T ."'""’#
n/
."""""'f
R E"""""_
Q@ _Q’A \Rﬂ_—_ﬁ““"‘-—m
= A——a

-11

A
oG (|Pgpy— Pamd)
-12
|
=
A
l0g,{|Pyre— Purdh)
=10
I

| —&— FLW

-12

i
\\ FClime
T % POET
™~ p—B——2 S 4—— FNLW
o | --9-- FGL
B I I I I I I I I I I I
7.0 75 8.0 85 9.0 95 7.0 75 8.0 85 9.0 95
log,(T) log(T)

Figure 3: Averaged errors of the estimators of ®gnmvy (left) and Pnre (right) for Case
2 on logarithmic scale: p =3-T%%, K =2(logT)"®, s = O(T"%).

38



(890 9€6¥) 020g ‘1€ Arenuef - g0Og ‘LT Arenuef :dpdures-o-m(Q ‘(sqo $0S) ¢00g
‘pg Arenuer - 000z ‘0g Arenuef :o[dwes-u] ‘popunoduwiod uoyMm wInjal A[reak o1 03 JuereAmbo ST YoIyM 9Q)¢()°() ST WIN)OI pojosie) A[rep
‘(porrad Sururery 9s1g oy} ‘700 03 000 WOIJ Xopul ()G J29S UO SWINIAI SS90X0 A[Iep oY) JO UOIIRIASD PIRPUR]S O[] ST YDIYM) €T()°() = O I®
10s ST YSLI pojadre) ‘syutod siseq ()G 0 39S dIR $)SOD UOIRSURI], "IoAowIng) pue (YS) oney odreyg ‘ysu ‘suwinjor orjojyrod A[re( :1 o[qe],

L£60°0 ¢920'0  €0-HOE6 ¥O-HEV'C 249600 69200  €0-HO¥'6 ¥0-HES'T ceor'o 89000 CO-HIL'G TO-HER'T (G10) TO4
1160°0 8L20°0  €0-H96'8 ¥0-H6V'C 8¢60°0 06200 €0-d86'8  ¥0-H09'C €707°0 06000 ¢0-HVL'C TO-HLV'C (ed) TO4
L8800 G0E0'0  €0-HE9'8 ¥0-HEI'C €060°0 €CE0°0  €0-HVL'8 ¥0-HT8'C 89070 8€T0°0 ¢0-HO8'C ¥0-HI8'€E (Tdd) 1O
V63T 9990°0- ¢0-H90°C €0-HLET- ¥796°0 9190°0- C0-H89'T €0-HE0'T-  T696'GE  LEVO'0- TO-AV9E ¢€O-A6GT- ILHOJ pordloid
GTE8CET  9990°0- TO-HIEZT G0-HI8C- 8¥REETT  TIV0°0- TO-HSS'S CO-HSC'C- NEN NEeN NEN N®BN LHOd
LS¥C°0 97000 ¢0-HEE'T G0-H80'9 7¥e 0 77000  C0-HSC'T G0-HOS'S 0L€9°€ 07€0°0- ¢0-He0'L €0-H6E'C- MINA
V611°0 70200 €0-H6€'6  VO-HT6'T L02T°0 €6T0°0 €0-H86'6 ¥0-HTO6'T V.L8V'0 1¢00°0- ¢0-HS9'C GO-HVS'S- MTA
06¢0°0 06200 ¢0-HL0'T ¥0-HIV'C 69€0°0 0LT0°0  €0-H98'6 ¥0-HLI'T G000°T 6€T0°0  ¢O-H8Y'8 €O-UST'I QWD A
€€90°0 60€0°0 €0-HcS'L V0-HTE'T 9990°0 08200 €0-HZE'8 T0-HOEC G99€°0 89100 ¢0-H99'c VO-HLV'V TOd
%6200 90T0°0 ¢0-HO6'T ¥0-HT0'G %6200 90100 ¢0-HO6'T ¥0-HT0'C %6200 90100  ¢0-HO6'T V0-HTIO'G MHA
OL UMM
- G9€0°0  €0-H6T6 ¥0-HIE'E - 0L€0°0  €0-H8E'6 TO-HLV'E - L1200  ¢0-HOL'C T0-HL8'G (ga10) TO4
- 6LE0°0  €0-HV6'8 ¥0-H6E'E - €6€0°0 €0-H96'8 ¥0-HTS'€ - 8€C0'0 ¢0-HVLC PO-HTS9 (ed) TO4
- 8070°0 €0-Hc9'8 ¥0-HTG'€ - Lov0'0  €0-HEL'8  VO-HEL'E - G8¢0°0 ¢0-HO8'C ¥0-HI6'L (Tdd) 1od
- 6€00°0- CO0-UE6'T GO-HLGL- - 05000~ CO-HTI9T S0-H90'8- - 0L000 TO-ATLT €0-HOZ'T LHOJ paraforg
- 66000 TO-HILC €0-HLO0T - 9¢00°0-  TO-HVL'C ¥0-HI0'L- - NEN NEN N®BN LHOd
- 16200  TO-UCE'T ¥0-H90°€ - 17¢0°0  TO-U¥S¢'T  ¥0-U86C - ¥L00°0  ¢0-d999 TVO-HI6'V MINA
- 0€€0°0  €0-H8E'6 TO-HOT'€ - €1€0°0 €0-H96'6 ¥O-HTT'€ - 79100  G0-HS9C TFO-HVET MTA
- GGc0°0  ¢0-HLO'T P¥0-HEL'G - 60200  €0-HSER6 ¥0-HT0'G - 79000 ¢0-H9¥'8  €0-HET'C QWD A
- ¢6€0°0  €0-HTIG'L  V0-HV6'C - 09€0°0  €0-HIZ'8 ¥0-HS6'C - G0€0'0 C0-H99C FVO-HTT'8 TOd
- 64100  CO-HAT'T ¥0-HIS'T - 64100  CO-HAT'T ¥0-HIS'T - 6ST0°0  CO-HLT'T ¥0-HIR'T Xopu]
- €¢10°0 ¢0-HO6'T ¥0-HEE'T - €¢10°0 ¢0-HO6'T ¥0-HEE'T - €¢10°0 ¢0-HO6'T ¥0-HEE'T MH
OL MoyyTM
JaowIny,  YS qsTYy wingey JeAouwany, YS qsTYy wingey JeAouwany,  Ys qsTyY wInjey

QOURLIR A -UNWIUI[A [@]O[E)

PauTeI)Su0)-1YSIOA ZITMON TR

POUTRIISUOD)-NSTY ZITMONICIA

39



"(sq0 9£6¥) 020z ‘T¢ Arenuef - goog ‘LT Arenuef :opdures-jo-m( (sqo $0¢) ¢00g ‘T Arenuer
- 000Z ‘0g Arenuep :sidures-u] popunoduwions USYM WINAI A[IRaA 05()] 0} Jua[eAnbs st yorym 9,8/ ¢(°() ST wInjel pajesie) Afrep ‘(potied
sururer) 4sI1g 93 ‘Z00g 03 000 WOIJ Xopul ())G J23S UO STINISI SS60X0 A[IRp o1[} JO UOIJRIADD PIRPUR]S O[] ST YDIYM) £T()°() = O J® 3OS ST YSII
pojedey ‘syutod siseq ()G 03 19S dIR $)S0D UOIORSURI], “IRD A[rep 3uisn sorjojpiod Jo Ysu pue (YD) WINJOI SS9OX0 9AIJR[NUIN) 7 d[qR],

9810°0 0.89°0 GI10°0 901T°0- L¥20°0 6¢80°0 GeT0’0 ¢990°0- IHOJ pasasforg
81€0°0 10€9°T y1ive 0 0000°T- 1€60°0 8¢66°0- 0€€0°0 06T€°0- LHOd
160070 18¢¢0 0600°0 88€0°0- ¥c10°0 656¢°0- 8L00°0 90¢0°0- MINA
¥800°0 ¥66¢°0 L€00°0 €eeT0 8¢10°0 9¢6¢°0- 0800°0 TGT0°0- MTA
1800°0 6¢8¢°0 1700°0 ¥9¢1°0 1v¢0°0 0Tv¥°0- 6¢10°0 190T°0- QWD A
¢L00°0 €0L€°0 Gv00°0 V8ET'0 8€T0°0 €11e0- 1800°0 ¥¥00°0- TOd
(AIND) O1[0J3I0d 9IURLIEA -WUNWIUTIA] [€]O[D)
9.10°0 00€5°0 6800°0 128070~ 9.10°0 av80°0- 0€T0°0 L1200~ IHAOJ paoeloig
€070°0 9GLY'T 0€90°0 02150 861T°0 6866°0- ¥2€0°0 0¢8¢°0- LHO0d
8600°0 8L07°0 1800°0 19€0°0- €¢10°0 118¢°0- 8L00°0 G610°0- MINA
G800°0 8T0€°0 2€00°0 29¢1°0 9¢10°0 68L¢°0- 0800°0 8G10°0- MTA
80070 §65¢0 1700°0 60€T°0 ¥0c0°0 ¥2,6€°0- ¥¢10°0 7010~ QWA
¢L00°0 18L€°0 ¥¥00°0 86€T°0 Ge10°0 9661°0- ¢800°0 8€T0°0- TOd
(DMIN) POUTRIISHO)-JYSIOAN ZIIMOSNIRIA
LLTT0 c698'T L61T°0 66940~ VL8170 G0-H18C Gvs0°0 8L19°0- LAOd patoelorg
Gge0'0 G1€9°0 L670°0 96LG°0 ¢6€0°0 GL020 €1¢0°0 8¢L0°0 MINA
28¢0°0 02gs0 8TT0°0 P91€°0 Ggre0o G88¢°0 1€¢0°0 80€0°0 MTA
186070 tigsal] €8¢€0°0 T€E50 V8¥1°0 G168°0- 87€0°0 600°0- auwID g
€9¢0°0 aL89°0 av100 19¢L°0 ¢8¢0°0 8€6¢°0 90¢0°0 606¢°0 Tod
(DYIN) pouremsuoD-3sryy Z3ImoNIeIA]
9800°0 €620 cv00°0 [4AN0 86¢0°0 9V L¥°0- 8910°0 81¥¢'0- Xopujy
g8T10°0 aratTo 81¢0°0 12900 0T€0°0 ¢699°0- 09100 €€9T1°0- MH
Xopu] pue pajy3eAA-Tenby
Aste REICIO) Astd RICIO) st REKCIO) Astd R:ICIO)
(8002) (2002)
(6102) (L102) s ‘
24t woog 14 woog SISLI)) [RIOURUL ] uorssoIdo(] 1eeIr) SUNIULSIY

Z# wmyumo(

T# WIMjumo(J

40



Supplemental Appendix

This Online Supplemental Appendix is structured as follows: Appendix A contains proofs of
the theorems and accompanying lemmas, Appendix B provides additional simulations for Section

5, additional empirical results for Section 6 are located in Appendix C.

Appendix A Proofs of the Theorems

A.1 Lemmas for Theorem 1

Lemma 1. Under the assumptions of Theorem 1,
(a) maxi<c|(1/T) L faufn = Elfufl| = Op(VIT),
(b) maxi | (1/T) T euie — Eleueyl| = Or(y/logp/T),
(c) maXz‘SKJSp’(l/ 7)Y, fitEjt‘ = Op(y/logp/T).
Proof. The proof of Lemma | can be found in Fan et al. (2011) (Lemma B.1). O
Lemma 2. Under Assumption (A.4), max,<p Y. |Eleled]|/p = O(1).
Proof. The proof of Lemma 2 can be found in Fan et al. (2013) (Lemma A.6). O

Lemma 3. For K defined in expression (3.6),

Proof. The proof of Lemma 3 can be found in Li et al. (2017) (Theorem 1 and Corollary 1). [

41



Using the expressions (A.1) in Bai (2003) and (C.2) in Fan et al. (2013), we have the following

identity:

- V1] 1 dan T 1 I
F-Hf=(—) |- yop Eleed 1 Z BuCot + Zfsnst + = > B, (A1)
p s=1 s:l s=1
where Cst = €;€t/p - E[Eget] /p7 Nst = fé Zf zgzt/p and gst = ft ZEzs/p

Lemma 4. For all i < IA(,

(@ (TS [(1/T)SL, fBleled /o] = 0p(T),
12

() (YD) XL, (YT S fisG/p] = 0p(rY),

(@ WD S, [T SL, funalp] = 0p(K2/p),

(@) (1/T) S [TV T, futa/n] = Op(K?p).

Proof. We only prove (c¢) and (d), the proof of (a) and (b) can be found in Fan et al. (2013)

(Lemma 8).

(c) Recall, ng =f.5°F | bie;/p. Using Assumption (A.5), we get E |(1/T) x ZleHZle bi&?itHQ] =

E\[>7, bz’&t”ﬂ = O(pK). Therefore, by the Cauchy-Schwarz inequality and the facts that
(1/T) (i If]1* = O(K), and, Vi, 0, f2 =T,

1 2k
7 D sl Zfllzbﬁgt\\

s=1 t= 1

Nl
I/\

> (33 fn)’

t=1
p

nggij > b ( > ZSTan ||>

~on(¥ 1) =0n().

42



(d) Using a similar approach as in part (c):

T T T
%Z (%Zfisgst)Q = 7 Z th ijs fzs < (;ZH&’F) ZZb 6]5 fis

t=1 s=1 =1 s=1 j=1

s=1 j=1
AR QAN | N 1
< (7 2060°) 7 X0 |2 b ( Z )
t=1 s=1||7=1
:op(K-fjl):op(z)

Lemma 5.
(a) maxi<r||(1/(Tp) XL, BE[elei] | = Op (5/VT).
() maxi<r [(1/(T9) SI Bl | = Op(VETY/ /p).

(¢) max;<r||(1/(Tp)) Y1y Einet || = Op(KTY4//p).

(d) maxeer |(1/(Tp) Y0y Bt | = Op(KTY*/ /).

Proof. Our proof is similar to the proof in Fan et al. (2013). However, we relax the assumptions

of fixed K.

(a) Using the Cauchy-Schwarz inequality, Lemma 2, and the fact that (1/7") Zle ||E5H2 = Op(K),

we get

1 s
T Z fE [ele]
s=1

]E[E’E] 2 1
s€t
< <
Itng:’:mx rtn<ax T g g ( ) ] Op rtn<ax }1<
E[E’s] [ ele 2 1 K
s<t €€
< —EsTh E — 1. .
OP(K) H;jatx ‘ rtngax ] (’)p(K 1 \/>> (’)P(\/»>
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(b) Using the Cauchy-Schwarz inequality,

max
t<T

/2 1/2
) (OP max Al Z Cst)

—0p(VE T/ - ).

1 T
T; Cst

< max —
t<T

2
To obtain the last inequality we used Assumption (A.5)(b) to get E [(1/ T) Zstl Cﬁt} <

maxs,tSTE[Cﬁt} = O(1/p?), and then applied the Chebyshev inequality and Bonferroni’s
method that yield max(1/T) S>7_, ¢% = Op (\/T/p).

(c¢) Using the definition of 7y we get

T

Z?

5:1

max
t<T

m aX

T -~
Zf Nst
=1

*Zb Eit

= Op(K - T4/ \/p).

To obtain the last rate we used Assumption (A.5)(c) together with the Chebyshev inequality

and Bonferroni’s method to get maxi<p||Y_r_; bieit|| = Op <T1/4\/ﬁ).

(d) In the proof of Lemma 4 we showed that [|(1/T) x S, POy biei(1/p)E||2 = (9( K/p)
Furthermore, Assumption (A.3) implies E [ K ~2f;] * < M, therefore, max;<7||f]| = Op <T1/4\/E).

Using these bounds we get

T T p
max ;;?;sst < mae|fi]| ;g it = oP(T1/4f VE/p ) OP(T1/4K/f>
O
Lemma 6.

(a) max;<g(1/T) L (£ — HE,)? = Op(1/T + K2/p).
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(b) (1/T) L |[f, — HE||> = Op(K/T + K3 /p).
(¢) max<r(1/T)|f — H[| = Op(K/NT + KT/ /p).

Proof. Similarly to Fan et al. (2013), we prove this lemma conditioning on the event K = K. Since

Pr(K # K) = o(1), the unconditional arguments are implied.

(a) Using (A.1), for some constant C' > 0,

L ) 1 & (1 Elee]) 11 ’
_ 2 < - — s = il
1 Z 1 I 2 1 I 1 Z 2
+szréaxfz (TZfzsCst) +CI@%%?T <T Zfzsgst>
t=1 s=1 t=1 s=1
) +1+K2+K2 Op(1/T + K?/p)
=O0p| o+ -+ —+— P p
r p »p

(b) Part (b) follows from part (a) and

T T
1
T ZHft Hft” < Kmax Z Hft 2
t=1

(c) Part (c) is a direct consequence of A.1 and Lemma 5.

Lemma 7.
(a) HH' =1, + Op(K°/2/NT + K52/ /p).
(b) HH' = Iy + Op(K°? /T + K°/2/ /p).

Proof. Similarly to Lemma 6, we first condition on K = K.
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(a) The key observation here is that, according to the definition of H, its rank grows with K, that
is, |H|| = Op(K). Let cov(Hf;) = (1/T) E;le Hf;(Hf;)'. Using the triangular inequality we
get

|HH -1 |HH' — cov(Hf) |, + ||cov(Hf,) — I (A.2)

illr = [P il

To bound the first term in (A.2), we use Lemma 1: [|[HH' — éov(HE)| » < |H|?*||1x — cov(HE)| » =
Op(K°?/T).

To bound the second term in (A.2), we use the Cauchy-Schwarz inequality and Lemma 6:

7SR - )

t

ZHft (Hf,) — thft
s@z(\Hft—EHQ;;HHf#) 2 (5 Sl a5 e H)

K K3 1/2 K K3 2\ 1/2 K3/2  |5/2
0p<(T+p K) +(T+p - K?) >_op(ﬁ+\/ﬁ .

(b) The proof of (b) follows from Pr(K = K) — 1 and the arguments made in Fan et al. (2013),

< +

T
Z (Hf, — £,)(HE,)’
t=1 F

F

(Lemma 11) for fixed K.

A.2 Proof of Theorem 1

The second part of Theorem 1 was proved in Lemma 6. We now proceed to the convergence rate
of the first part. Using the following definitions: b; = (1/T) Zle ruf; and (1/T) EtT:l /f\t/f\t’ = Ig,

we obtain

Bi - Hb Z HftE'Lt + = Z rzt ft Hft —|— H( Z ftf/ - IK> <A3)
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Let us bound each term on the right-hand side of (A.3). The first term is

K T 2
1
o[ Hfyc| < ||| max ;1: (T;_ljfkteit> < [HIVE max,

1 T
T Z fjt&'t
T t=1

=OP<K'K1/Q'\/W),

where we used Lemmas | and 7 together with Bonferroni’s method. For the second term,

max

T T 1/2 1/2
1 5 1 ~ 2 1 K2
mps (g plfml) -or(3 )

1 (=
= ; ra (T - 1)

where we used Lemma 6 and the fact that max; 71 Z?zl rZ = Op(1) since E [r3] = O(1).
Finally, the third term is Op(K2T~/?) since ||(1/T) Y.L, f.f, — Ix| = Op (KT—1/2>, |H| =

Op(K) and max;|/b||; = O(1) by Assumption (B.1).

A.3 Corollary 1

As a consequence of Theorem 1, we get the following corollary:

Corollary 1. Under the assumptions of Theorem 1,

b,f, — b;ftH = Op(log TV K2\/log p/T + K2T*/ /p).

max ‘
1<p,t<T

Proof. Using Assumption (A.4) and Bonferroni’s method, we have max;<7||f;|| = Op (VK log T1/"2).
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By Theorem 1, uniformly in ¢ and ¢:

b; — Hb;

|

i v <

& — HE|| + |Hb|

e

~

logp K K  KT'Y/4 K  KTY4
=0p| (K3 ="+ —=) (—=+ +O0p| K- (—=+——
P<< T \/;5) (ﬁ NG ) P (ﬁ NG )
logp K Kb/%  K5/2
3/2 . 1/r2 71/2 1/re 7-1/2
+Op<<K Vo +\/;5) log TV/™2 K )+(9p<logT K (—ﬁ +\/]3>

- Op<log T2 )2, flog p/ T + K2T1/4/\/13).

[PELE: | -+ ([ [[1£: ||| F'HL — L]

A.4 Proof of Theorem 2

Using the definition of the idiosyncratic components we have ¢;; — €;; = b/H’ (E — Hf,) + (Bg —

~

b/H')f; + b,(H'H — Ix)f;. We bound the maximum element-wise difference as follows:

T

T
maxl Z(Eit - éit)2 < 4m?be§H/H2% ZHE — HftH2 +4mzax‘
t=1

b, — bjH'
iSp T — 1 (2

T
Tl
T
[ 7 S BVE - T2
t=1
o (5 + ) o (2 2. o (5 + )

K41 6
T D

Let wyr = K%\/logp/T + K*/,/p. Denote max;<y(1/T) Z?zl(sit — éit)? = Op(w?;). Then,

max;¢|e;r — €it| = Op(wsr) = op(1), where the last equality is implied by Corollary 1.
As pointed out in the main text, the second part of Theorem 2 is based on the relationship between

the convergence rates of the estimated covariance and precision matrices established in Jankova
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and van de Geer (2018) (Theorem 14.1.3).

A.5 Lemmas for Theorem 3

Lemma 8. Under the assumptions of Theorem 1, we have the following results:

(¢) |B| = [BH'[| = O(/p)-

~

b; — H'b;|| = op(1/VK) and maXlSiSp‘ bi| = Op(VK).

(b) Q;l maXlgigp)

(c) Q%IHP\) — BH'

- or(V37) ma 8] 11y

Proof. Part (c) is direct consequences of (a)-(b), therefore, we only prove the first two parts in
what follows.

(a) Part (a) easily follows from (B.1): tr(X — BB') = tr(X) — ||B||> > 0, since tr(X) = O(p) by

(B.1), we get |B||* = O(p). Part (a) follows from the fact that the linear space spanned by

the rows of B is the same as that by the rows of BH’, hence, in practice, it does not matter

which one is used.

~

b; — Hb;|| = Op(wir). Using the definition of o7 from

(b) From Theorem 1, we have maxigp‘

Theorem 2, it follows that Q%lwlT = 0p(w1Tw3_7}). Let zp = wlTw:,)_%. Consider

~

b; — Hb;|| = op(zr). The latter holds for any z; > Zp, with the tightest bound

-1
op maxlﬁiﬁp)

obtained when zp = Zp. For the ease of representation, we use zp = 1/v/ K instead of zZp.

~

b;|| < \/?HBHmaw

The second result in Part (b) is obtained using the fact that maxlgigp‘

where [|B]|,... = O(1) by (B.1).

max

O]

-1 . . a1
Lemma 9. Let II = [@f n (BH’)’@S(BH’)} LTI = [ef +B'O.B| . Also, define B =
(1/7) Zthl Hf,(Hf;), ©; = 2]71, ﬁf = (1/T) Zle /f:t/f\t’, and (:jf = 2]71 Under the assumptions
of Theorem 2, we have the following results:
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(a) Amin(B'B)™" = O(1/p).

(b) ITT]l, = O(1/p).

0 -0, = o (11v7),

(@) o7!||[T-11)| = 0 (sr/p) and||[TH]| = 0r(1/p).
Proof

, which

(a) Using Assumption (A.2) we have ’Amin(p_lB’B) —Amin(lé) )

< [Jrms s

implies Part (a).

b) First, notice that ||II||, = Amin(® ¢ + (BH')®.(BH'))~!. Therefore, we get
2 f

|||H|||2 < Amin((BH/)IQE(BH/))_I < Amin(B/B)_lAmin(gs)_l = Amin(B,B)_lAmax(ze)a

where the second inequality is due to the fact that the linear space spanned by the rows of
B is the same as that by the rows of BH’, hence, in practice, it does not matter which one is

used. Therefore, the result in Part (b) follows from Part (a), Assumptions (A.1) and (A.2).

(c) From Lemma 7 we obtained:

1 & 1 sy
T > Hf,(Hf,) - T > ORE
t=1 t=1

K3/2 K5/2
=0p| == + :
P VTP

Since H)Qf(flf - Ef)H‘Q < 1, we have

_ (CHRICHSIESHI 2 g
or-edl,= =5 - op (0 100,

szl AT

Let wyr = K3/2/\/T + K5/2/\/]3. Using the definition of g7 from Theorem 2, it follows that
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g;lwg = 0p(w4Tw37}). Let yp = w4Tw;71. Consider Q;lm(:)f — Gf‘HQ = op(yr). The latter
holds for any ~; > A7, with the tightest bound obtained when v = 77. For the ease of

representation, we use ypr = 1/v K instead of 7.

(d) We will bound each term in the definition of IT — II. First, we have

5]
2 2

[79.5 - oy w Bl - s .

I8

< |[B-Bw
2

+ B[, J|e.[l,||[B - BE Q:OP(p-sT-QT) (A1)

Now we combine (A.4) with the results from Parts (b)-(c):
or'|[ (At —m) ], = o (=),

Finally, since H‘H(ﬁ_l — H_1> H‘Q < 1, we have

i e R ; -
(-,

p

ol )

A.6 Proof of Theorem 3

Using the Sherman-Morrison-Woodbury formula, we have

16, <|®: ~e- *[le-® - Bm)fiEs.

S+ H)(ég — ©.)BIIB'6. l

n H’@EBH’(ﬁ _I)B'6. + H‘@gBH’H(BH/)’((:)E —e.)

+ ‘H@sBH’H(f’) _B)O,

= A1+ Ao+ Az + Ay + As + Ag. (A5)

o1




We now bound the terms in (A.5) for [ = 2 and [ = co. We start with [ = 2. First, note that
Q}lAl = Op(sr) by Theorem 2. Second, using Lemmas 8-9 together with Theorem 2, we have
o7 (Mg +Ag) = Op(sT-\/p-(1/p)-/p-1) = Op(sr). Third, o7 (A3 +As) is negligible according to
Lemma 8(c). Finally, o' Ay = Op (1 /P (s7/D) /P 1) = Op(sr) by Lemmas 8-9 and Theorem
2.

Now consider | = oo. First, similarly to the previous case, Q;lAl = Op(sr). Second, g;l(Ag +
Ag) = Op (ST-\/W‘ (VK /p)-/pK - \/%) = Op(srK3/?\/dr), where we used the fact that for any
A € S, we have ||A||; = [|All, < Vd(A)||A]l,, where d(A) measures the maximum vertex degree

as described at the beginning of Section 4. Third, the term Q}l(Ag + Ajs) is negligible according

to Lemma 8(c). Finally, 07.'Ay = Op(Vd7 - VDK - VK (s7)/p - VPK - Vdr) = Op(dr K3/?s7).

A.7 Lemmas for Theorem 4

Lemma 10. Under the assumptions of Theorem 4,

(a) |m—m]| = Op(\/logp/T), where m is the unconditional mean of stock returns defined

max

in Subsection 3.3, and m is the sample mean.
(b) 1®], = O(drK3/?), where dr was defined in Section 4.
Proof.
(a) The proof of Part (a) is provided in Chang et al. (2018) (Lemma 1).

(b) To prove Part (b) we use the Sherman-Morrison-Woodbury formula:

e, <lle.ll, + ||®-B[©; +B'®.B] 'B'e.||,

w(@)ﬂ(@-p-f'f‘ Vir) = 0(drK*?). (A-6)
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The last equality in (A.6) is obtained under the assumptions of Theorem 4. This result is
important in several aspects: it shows that the sparsity of the precision matrix of stock returns
is controlled by the sparsity in the precision of the idiosyncratic returns. Hence, one does not
need to impose an unrealistic sparsity assumption on the precision of returns a priori when
the latter follow a factor structure - sparsity of the precision once the common movements

have been taken into account would suffice.
O

Lemma 11. Define a = 1,0t,/p, b = 1,0m/p, d = m'Om/p, g = Vm'©Om/p and a = L;C:)Lp/p,

b=1 (:)rYl/p, d= rYl’C:)rYl/p, g=V ﬁl’(:)ﬁl/p . Under the assumptions of Theorem 4 and assuming

(a) a > Cy>0,b=0(1), d= O(1), where Cy is a positive constant representing the minimal

eigenvalue of ©.
(b) [a—al = Op(ordrK*st) = op(1).
() [b— b = Oplordrk™2sr) = op(1)
(d) |d—d| = Op(ordrK™2sr) = op(1),
(¢) 15— g = Op(lordrK/2s7]/2) = op(1).
(1) |(@d—77) - (ad — ¥?)| = Op (ordrK*/2s7) = op(1).
(9) |ad — b2 = O(1).
Proof.

(a) Part (a) is trivial and follows directly from [|®[|, = O(1) and |m|| = O(1) from Assumption

(B.1). We show the proof for d: recall, d = m’'®m/p < ||]G)|H§HmH§/p =0(1).
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(b) Using the Hoélders inequality, we have

@ - sl -
< <[|& -]
P 1

= Op(ordrK** (st + (1/p))) = or(1).

@—al =

where the last rate is obtained using the assumptions of Theorem 3.

(c) First, rewrite the expression of interest:

~

b—b=[t,(® — ©)( —m)]/p+ [1},(® — ©)m]/p + [1,© (1 — m)]/p. (A7)

We now bound each of the terms in (A.7) using the expressions derived in Callot et al. (2019)

(see their Proof of Lemma A.2) and the fact that logp/T = o(1).

%é—@mﬂqu@m@—@mwﬁ—mmm_a{w@KWﬁh¢%?) (A.8)

M@—@m%@M@—ﬂMzO%thmw> (A.9)

N . . log p
4000 — m)|/p < [|©]], [ — mll, = Op (dr&¥2 - [ZEE). (A10)
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(d) First, rewrite the expression of interest:

d—d

(2 — m)'(© — ©) (M — m)]/p + (M — m)'O(Mm — m)]/p
+ [2(m — m)

'Om|/p + [2m'(© — ©) (@ — m)]/p
+ [m'(© — ©)m/p.

(A.11)
We now bound each of the terms in (A.11) using the expressions derived in Callot et al.
(2019) (see their Proof of Lemma A.3) and the fact that logp/T = o(1).

(2~ m)'(® — ©)(i — m)|/p < [|i — m|

2

s [© -]
_ 0P<1o§p : QTdTK3/2ST) (A.12)
N ~ ~ 1
(82— m)'© (2 — m)|/p < 8 — i, |0, = Op (27 - drk?). (A.13)
P ~ 1
(82— m)'©m|/p < [f — m,,, IO, = Op (\/ 22 - drk*2).  (A14)

(8 - ©) (i — m)|/p < |lia — m|

max

6~
= 0n(\/ B2 grar 3 2sr).

(A.15)

m’((:) — @)m’/p < H‘(:) — G)HL = Op(gTdTK3/23T>.

(A.16)

(e) This is a direct consequence of Part (d) and the fact that v/ d—d> \/;? —Vd.
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(f) First, rewrite the expression of interest:
(@d — %) — (ad — ) = [(@ — a) + a][(d — d) + d] — [(b— b) + b]%,
therefore, using Lemma 11, we have

(@d - ) — (ad—bQ)‘ < [|a—a\‘§— d‘ v |a—a|d+a‘c7— d‘ +(B—b)2+zyb|(3—bu

=0p <QTdTK3/28T> =op(1).

(g) This is a direct consequence of Part (a): ad — b* < ad = O(1).

A.8 Proof of Theorem 4

Let us derive convergence rates for each portfolio weight formulas one by one. We start with

GMYV formulation.

0-0), .
Lt >Lp\ll+|a_a|||@;pn1

p

[Wamy — wamv|l; < =0p (QTdQTK35T> =op(1),

|ala

where the first inequality was shown in Callot et al. (2019) (see their expression A.50), and the
rate follows from Lemmas 11 and 10.
We now proceed with the MWC weight formulation. First, let us simplify the weight expression as

follows: wyrwe = k1(Otp/p) + k2(O@m/p), where

_d—pb
M A=
_ pa—b
"2 d — b2



Let wywe = k\l(ébp /D) —|—E2((:)IT1/ p), where k1 and Ko are the estimators of k1 and kg respectively.
As shown in Callot et al. (2019) (see their equation A.57), we can bound the quantity of interest

as follows:

¥ = warwolly < 11— 5l (8 = )| /+ 11 — 5l @2,y /+ 11| = @) | /o
(2 = k2)][|(© — @)@ — )| /p+ |2~ )|~ m)]|, /p
+|(Rz = 12)][|(® = ©)m|| /p+ (%2 — k2)]|©m]],/p

+ 1121 |(® — @) (i1 — m)|| /p+ Izl ~ ©)ma| /. (A17)

For the ease of representation, denote y = ad — b?>. Then, using similar technique as in Callot et

al. (2019) we get

y‘g— d‘ +yu‘5— b’ +17 = ylld — pb|

T OP(QTdTK 5T> op(1),

|(F1 — k1) <

where the rate trivially follows from Lemma 11.

Similarly, we get
|(7~€\2 - HQ)| = Op (QTdTK3/2ST> = Op(l).

Callot et al. (2019) showed that k1| = O(1) and |k2| = O(1). Therefore, we can get the rate of

(A17):

[Wawe — wawell; = Op (QTd2TK33T> =op(1).
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We now proceed with the MRC weight formulation:

[|®-e)@m-m)| +®-em| +|ewm-m),|+7-glem],

SES

[Wamre — Wwamrell; < —
19lg

_ 8l¢[l® - e, 1 — 1) s +2[|© — O Il -+ PO 152 — 1) ] + 15— 111l
- 9lg

=0p (QTdTK3/23T . loip) + Op <QTdTK3/23T>

+ Op (dTK3/2 A/ 10%) + OP([QTdTK3/2ST]1/2 : dTK3/2> =op(1),

where we used Lemmas 10-11.

A.9 Proof of Theorem 5

We start with the GMV formulation. Using Lemma 11 (a)-(b), we get

a
= = OP(QTdTKg/QST) = Op(l).

Proceeding to the MWC risk exposure, we follow Callot et al. (2019) and introduce the following
notation: z = ap? — 2bu + d and & = ap — 2bp + d to rewrite Iywe = p~Y(2/9). As shown in

Callot et al. (2019), y/z = O(1) (see their equation A.42). Furthermore, by Lemma 11 (b)-(d)
& — 2| < |a—alu® + 2‘13 . b(u v ]d - d’ = Op(ordrK*?s7) = op(1),
and by Lemma 11 (f):

15— y| = |ad — b* — (ad — b*)| = Op(ordr K*/*s1) = 0p(1).
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Using the above and the facts that y = O(1) and = O(1) (which were derived by Callot et al.

(2019) in A.45 and A.46), we have

Pywe — Puwe
Pvwe

(% — x)yg—;ﬂﬁ(y —9) ‘O(l)OP(QTdTKB/ZST) = op(1).

Finally, to bound MRC risk exposure, we use Lemma 11 (e) and rewrite

= OP([QTdTK3/2ST]1/2) =op(1).
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Appendix B Additional Simulations

B.1 Verifying Theoretical Rates

To compare the empirical rate with the theoretical expressions derived in Theorems 3-5, we
use the facts from Theorem 2 that wsr = K?2y/logp/T + Kg/\/f) and g;lng 20 to introduce
the following functions that correspond to the theoretical rates for the choice of parameters in the

empirical setting:

fin, = C1+ C2 - logy(srer)

for © (B.1)
g, = Cs+C2- log, (dr K3/?spor)
hi = Cy + Cy - logy(ords K3 st) for Wamv, WMwe (B.2)
hy = Cs + Cg - logy ([ors7]/2d* K3)  for Wyme (B.3)
hs =C7+ Csy - logQ(dTK3/2STQT) for Dy, Pavwe (B.4)
ha = Cg + Cy - logy(dr K*?spor)  for Bype (B.5)

where C, ..., Cy are constants with Cg > Cy (by Theorem 4), Cg > Cy (by Theorem 5).

Figure B.1 shows the averaged (over Monte Carlo simulations) errors of the estimators of ©,
w and ® versus the sample size T in the logarithmic scale (base 2). In order to confirm the
theoretical findings from Theorems 3-5, we also plot the theoretical rates of convergence given by
the functions in (B.1)-(B.5). We verify that the empirical and theoretical rates are matched. Since
the convergence rates for GMV and MWC portfolio weights w and risk exposures ® are very similar,
we only report the former. Note that as predicted by Theorem 3, the rate of convergence of the
precision matrix in |||-||,-norm is faster than the rate in ||-||;-norm. Furthermore, the convergence

rate of the GMV, MWC and MRC portfolio weights and risk exposures are close to the rate of the
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precision matrix @ in ||-|||;-norm, which is confirmed by Theorem 4. As evidenced by Figure B.1,
the convergence rate of the MRC risk exposure is slower than the rate of GMV and MWC exposures.
This finding is in accordance with Theorem 5 and it is also consistent with the empirical findings

that indicate higher overall risk associated with MRC portfolios.
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Figure B.1: Averaged empirical errors (solid lines) and theoretical rates of convergence
(dashed lines) on logarithmic scale: p = T%%, K = 2(log T)%°, sp = O(T"%).
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B.2 Results for Case 1

We compare the performance of FGL with the alternative models listed at the beginning of
Section 5 for Case 1. The only instance when FGL is strictly but slightly dominated occurs in
Figure B.2: POET outperforms FGL in terms of convergence of precision matrix in the spectral

norm. This is different from Case 2 in Figure 1 where FGL outperforms all the competing models.

o4 - o —
."\-..\-
- =
\. o .\""'-.._._
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= — = _
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5 |--e-- FoL o
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Figure B.2: Averaged errors of the estimators of ® for Case 1 on logarithmic scale:
p=T%%, K =2(ogT)%, sp = O(T"%).
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Figure B.3: Averaged errors of the estimators of wgny (left) and wyvre (right) for Case
1 on logarithmic scale: p = T"8, K = 2(logT)%%, sy = O(T"%).
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Figure B.4: Averaged errors of the estimators of ®gnv (left) and Pyvrce (right) for Case
1 on logarithmic scale: p = T%%, K = 2(log T)%5, sy = O(T%0).
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B.3 Robust FGL

The DGP for elliptical distributions is similar to Fan et al. (2018): let (f;, ;) from (3.1) jointly
follow the multivariate t-distribution with the degrees of freedom . When v = oo, this corresponds
to the multivariate normal distribution, smaller values of v are associated with thicker tails. We
draw T independent samples of (f;, ;) from the multivariate t-distribution with zero mean and
covariance matrix ¥ = diag(3¢, X.), where 3 = Ix. To construct 3. we use a Toeplitz structure
parameterized by p = 0.5, which leads to the sparse @. = X-!. The rows of B are drawn from
N(0,1x). Welet p =198 K =2(logT)%5 and T = [2"], for h € {7,7.5,8,...,9.5}. Figure B.5-
B.6 report the averaged (over Monte Carlo simulations) estimation errors (in the logarithmic scale,
base 2) for ® and two portfolio weights (GMV and MRC) using FGL and Robust FGL for v = 4.2.
Noticeably, the performance of FGL for estimating the precision matrix is comparable with that of
Robust FGL: this suggests that our FGL algorithm is insensitive to heavy-tailed distributions even
without additional modifications. Furthermore, FGL outperforms its Robust counterpart in terms
of estimating portfolio weights, as evidenced by Figure B.6. We further compare the performance
of FGL and Robust FGL for different degrees of freedom: Figure B.7 reports the log-ratios (base
2) of the averaged (over Monte Carlo simulations) estimation errors for v = 4.2, v = 7 and v = cc.
The results for the estimation of @ presented in Figure B.7 are consistent with the findings in Fan

et al. (2018): Robust FGL outperforms the non-robust counterpart for thicker tails.
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Figure B.5: Averaged errors of the estimators of ® on logarithmic scale: p = 798,
K =2(logT)%%, v =4.2.
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B.4 Relaxing Pervasiveness Assumption

As pointed out by Onatski (2013), the data on 100 industrial portfolios shows that there are
no large gaps between eigenvalues ¢ and ¢ + 1 of the sample covariance data except for ¢ = 1.
However, as is commonly believed, such data contains at least three factors. Therefore, the factor
pervasiveness assumption suggests the existence of a large gap for ¢ > 3. In order to examine
sensitivity of portfolios to the pervasiveness assumption and quantify the degree of pervasiveness,
we use the same DGP as in (5.3)-(5.4), but with o.;; = pl"=7l and K = 3. We consider p €
{0.4,0.5,0.6,0.7,0.8,0.9} which corresponds to A3/A\y € {3.1,2.7,2.6,2.2,1.5,1.1}. In other words,
as p increases, the systematic-idiosyncratic gap measured by A3 / M4 decreases. Table B.1-B.2 report
the mean quality of the estimators for portfolio weights and risk over 100 replications for T' = 300
and p € {300,400}. The sample size and the number of regressors are chosen to closely match
the values from the empirical application. POET and Projected POET are the most sensitive to a
reduction in the gap between the leading and bounded eigenvalues which is evident from a dramatic
deterioration in the quality of these estimators. The remaining methods, including FGL, exhibit
robust performance. Since the behavior of the estimators for portfolio weights is similar to that
of the estimators of precision matrix, we only report the former for the ease of presentation. For
(T,p) = (300,300), FClime shows the best performance followed by FGL and FLW, whereas for
(T,p) = (300,400) FGL takes the lead. Interestingly, despite inferior performance of POET and
Projected POET in terms of estimating portfolio weights, risk exposure of the portfolios based on

these estimators is competitive with the other approaches.

67



p=04 p=0.5 p=0.6 p=07 p=0.8 p=0.9
N3/Aa=31) (Ag/A1=27) (A3/Aa=2.6) (A3/A1=22) (A3/Aa=15) (Ag/A\a=1.1)

[Wanmv — wamvly

FGL 2.3198 2.3465 2.5177 2.4504 2.5010 2.7319
FClime 1.9554 1.9359 1.9795 1.9103 1.9813 1.9948
FLW 2.3445 2.3948 2.5328 2.4715 2.5918 3.0515
FNLW 2.2381 2.3009 2.3293 2.5497 2.9039 3.1980
POET 47.6746 82.1873 43.9722 54.1131 157.6963 235.8119
Projected POET 9.6335 7.8669 10.1546 10.6205 12.1795 15.2581

Pamv — Pamv

FGL 0.0033 0.0032 0.0034 0.0027 0.0021 0.0023
FClime 0.0012 0.0012 0.0012 0.0011 0.0010 0.0010
FLW 0.0049 0.0052 0.0061 0.0056 0.0049 0.0059
FNLW 0.0055 0.0060 0.0054 0.0052 0.0066 0.0057
POET 0.0070 0.0122 0.0058 0.0063 0.0103 0.0160
Projected POET 0.0021 0.0022 0.0019 0.0019 0.0018 0.0026
[Warwe — wawelly

FGL 2.3766 2.4108 2.7411 2.6094 2.5669 3.4633
FClime 2.0502 2.0279 2.2901 2.1400 2.1028 3.0737
FLW 2.4694 2.5132 2.8902 2.7315 2.7210 4.0248
FNLW 2.7268 2.3060 2.8984 3.5902 2.9232 3.2076
POET 49.8603 34.2024 469.3605 108.1529 74.8016 99.4561
Projected POET 9.0261 7.4028 8.1899 9.4806 11.9642 13.3890

Prnwe — Puwe

FGL 0.0033 0.0032 0.0034 0.0027 0.0021 0.0024
FClime 0.0012 0.0012 0.0013 0.0011 0.0010 0.0009
FLW 0.0050 0.0053 0.0062 0.0057 0.0050 0.0059
FNLW 0.0055 0.0060 0.0055 0.0053 0.0066 0.0057
POET 0.0068 0.0047 0.0363 0.0092 0.0060 0.0056
Projected POET 0.0022 0.0022 0.0020 0.0020 0.0018 0.0027
[[Wnre — warell;

FGL 0.4872 0.1793 1.0044 0.6332 1.4568 2.3353
FClime 0.5160 0.2148 1.0188 0.6694 1.4855 2.3519
FLW 0.5333 0.2279 1.0345 0.6734 1.4904 2.3691
FNLW 0.8365 1.1285 1.1181 1.4419 1.7694 2.4612
POET NaN NaN NaN NaN NaN NaN
Projected POET 0.7414 0.6383 1.6686 1.8013 2.3297 3.2791

Prire — PumRe

FGL 0.0004 0.0003 0.0025 0.0007 0.0021 0.0071
FClime 0.0005 0.0003 0.0024 0.0004 0.0016 0.0062
FLW 0.0002 0.0002 0.0021 0.0003 0.0018 0.0066
FNLW 0.0062 0.0062 0.0069 0.0119 0.0059 0.0143
POET NaN NaN NalN NaN NalN NaN
Projected POET 0.0003 0.0003 0.0027 0.0031 0.0069 0.0062

Table B.1: Sensitivity of portfolio weights and risk exposure when the gap between the diverging
and bounded eigenvalues decreases: (71',p) = (300, 300).
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p=04 p=0.5 p=0.6 p=0.7 p=0.8 p=0.9
As/A1=31) (A3/Aa=27) (A3/Aa=2.6) (A3/A1=22) (A3/Aa=15) (A3/\=1.1)

[Wanmy — wamvlly

FGL 1.6900 1.8134 1.8577 1.8839 1.9843 2.0692
FClime 1.9073 1.9524 1.9997 1.9490 1.9898 2.0330
FLW 2.0239 2.0945 2.1195 2.1235 2.2473 2.4745
FNLW 2.0316 2.0790 2.1927 2.2503 2.4143 2.4710
POET 18.7934 28.0493 155.8479 32.4197 41.8098 71.5811
Projected POET 7.8696 8.4915 8.8641 10.7522 11.2092 19.0424

Samv — Pamv

FGL 8.62E-04 9.22E-04 7.23E-04 7.31E-04 6.83E-04 5.73E-04
FClime 8.40E-04 8.27E-04 8.02E-04 7.87E-04 7.36E-04 6.71E-04
FLW 1.59E-03 1.73E-03 1.57E-03 1.68E-03 1.69E-03 1.54E-03
FNLW 2.24E-03 2.10E-03 1.83E-03 1.88E-03 2.07E-03 1.29E-03
POET 1.11E-03 1.46E-03 3.59E-03 1.27E-03 1.88E-03 2.51E-03
Projected POET 8.97E-04 8.80E-04 6.83E-04 6.79E-04 7.98E-04 6.55E-04
[[Wvwe — wavwell
FGL 1.9034 2.2843 1.9118 3.2569 2.7055 2.8812
FClime 2.1193 2.4024 2.0540 3.3487 2.7277 2.8593
FLW 2.2573 2.5809 2.1790 3.5728 3.0072 3.3164
FNLW 2.3207 3.3335 3.5518 3.4282 2.6446 4.8827
POET 15.8824 100.1419 56.9827 33.6483 38.8961 103.0434
Projected POET 6.5386 7.2169 7.8583 9.7342 12.1420 17.7368

Prnwe — Pvwe

FGL 8.72E-04 9.41E-04 7.26E-04 7.99E-04 7.12E-04 6.08E-04
FClime 8.52E-04 8.49E-04 8.06E-04 8.32E-04 7.50E-04 6.86E-04
FLW 1.59E-03 1.74E-03 1.57E-03 1.71E-03 1.70E-03 1.56E-03
FNLW 2.25E-03 2.22E-03 1.89E-03 1.91E-03 2.08E-03 1.56E-03
POET 1.14E-03 4.91E-03 1.78E-03 1.45E-03 1.57E-03 2.93E-03
Projected POET 9.19E-04 9.20E-04 7.11E-04 7.04E-04 8.26E-04 6.78E-04
[IWnRrc — Wnrelly
FGL 0.6683 0.7390 1.3103 1.5195 1.7124 3.0935
FClime 0.6903 0.7635 1.3238 1.5403 1.7415 3.1180
FLW 0.7132 0.7828 1.3430 1.5549 1.7517 3.1364
FNLW 0.4909 1.2121 1.4974 1.1996 1.8020 3.2989
POET NaN NaN NaN NaN NaN NaN
Projected POET 1.6851 1.4434 1.9628 2.6182 2.7716 4.1753

®yre — Pumre

FGL 1.02E-03 9.73E-04 4.63E-03 4.49E-03 3.23E-03 8.73E-03
FClime 1.14E-03 1.01E-03 4.55E-03 4.22E-03 2.70E-03 7.72E-03
FLW 6.62E-04 5.54E-04 4.19E-03 4.01E-03 2.71E-03 8.11E-03
FNLW 2.73E-04 6.93E-03 5.11E-03 1.93E-03 6.42E-03 2.98E-02
POET NalN NaN NalN NalN NaN NalN
Projected POET 3.59E-03 1.20E-03 1.49E-03 2.58E-03 7.86E-03 1.39E-02

Table B.2: Sensitivity of portfolio weights and risk exposure when the gap between the diverging
and bounded eigenvalues decreases: (71',p) = (300,400).
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Appendix C Additional Empirical Results

Similarly to daily data, we use monthly returns of the components of the S&P500. The data is
fetched from CRSP and Compustat using SAS interface. The full sample for the monthly data has
480 observations on 355 stocks from January 1, 1980 - December 1, 2019. We use January 1, 1980
- December 1, 1994 (180 obs) as a training (estimation) period and January 1, 1995 - December
1, 2019 (300 obs) as the out-of-sample test period. At the end of each month, prior to portfolio
construction, we remove stocks with less than 15 years of historical stock return data. We set the
return target p = 0.7974% which is equivalent to 10% yearly return when compounded. The target
level of risk for the weight-constrained and risk-constrained Markowitz portfolio (MWC and MRC)
is set at ¢ = 0.05 which is the standard deviation of the monthly excess returns of the S&P500
index in the first training set. Transaction costs are taken to be the same as for the daily returns
in Section 6.

Table C.1 reports the results for monthly data. Some comments are in order: (1) interestingly,
MRC produces portfolio return and Sharpe Ratio that are mostly higher than those for the weight-
constrained allocations MWC and GMV. This means that relaxing the constraint that portfolio
weights sum up to one leads to a large increase in the out-of-sample Sharpe Ratio and portfolio
return which has not been previously well-studied in the empirical finance literature. (2) Similarly
to the results from Table 1, FGL outperforms the competitors including EW and Index in terms
of the out-of-sample Sharpe Ratio and turnover. (3) Similarly to the results in Table 1, the
observable Fama-French factors produce the FGL portfolios with higher return and higher out-
of-sample Sharpe Ratio compared to the FGL portfolios based on statistical factors. Again, this

increase in return is not followed by higher risk.
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