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Abstract

Graphical models are a powerful tool to estimate a high-dimensional inverse covariance

(precision) matrix, which has been applied for a portfolio allocation problem. The assumption

made by these models is a sparsity of the precision matrix. However, when stock returns

are driven by common factors, such assumption does not hold. We address this limitation and

develop a framework, Factor Graphical Lasso (FGL), which integrates graphical models with the

factor structure in the context of portfolio allocation by decomposing a precision matrix into low-

rank and sparse components. Our theoretical results and simulations show that FGL consistently

estimates the portfolio weights and risk exposure and also that FGL is robust to heavy-tailed

distributions which makes our method suitable for financial applications. FGL-based portfolios

are shown to exhibit superior performance over several prominent competitors including equal-

weighted and Index portfolios in the empirical application for the S&P500 constituents.
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1 Introduction

Estimating the inverse covariance matrix, or precision matrix, of excess stock returns is crucial

for constructing weights of financial assets in the portfolio and estimating the out-of-sample Sharpe

Ratio. In high-dimensional setting, when the number of assets, p, is greater than or equal to the

sample size, T , using an estimator of covariance matrix for obtaining portfolio weights leads to

the Markowitz’ curse: a higher number of assets increases correlation between the investments,

which calls for a more diversified portfolio, and yet unstable corner solutions for weights become

more likely. The reason behind this curse is the need to invert a high-dimensional covariance

matrix to obtain the optimal weights from the quadratic optimization problem: when p ≥ T , the

condition number of the covariance matrix (i.e., the absolute value of the ratio between maximal

and minimal eigenvalues of the covariance matrix) is high. Hence, the inverted covariance matrix

yields an unstable estimator of the precision matrix. To circumvent this issue one can estimate

precision matrix directly, rather than inverting covariance matrix.

Graphical models were shown to provide consistent estimates of the precision matrix (Cai et al.

(2011); Friedman et al. (2008); Meinshausen and Bühlmann (2006)). Goto and Xu (2015) esti-

mated a sparse precision matrix for portfolio hedging using graphical models. They found out that

their portfolio achieves significant out-of-sample risk reduction and higher return, as compared to

the portfolios based on equal weights, shrunk covariance matrix, industry factor models, and no-

short-sale constraints. Awoye (2016) used Graphical Lasso (Friedman et al. (2008)) to estimate a

sparse covariance matrix for the Markowitz mean-variance portfolio problem to improve covariance

estimation in terms of lower realized portfolio risk. Millington and Niranjan (2017) conducted

an empirical study that applies Graphical Lasso for the estimation of covariance for the portfolio

allocation. Their empirical findings suggest that portfolios that use Graphical Lasso for covari-

ance estimation enjoy lower risk and higher returns compared to the empirical covariance matrix.
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They show that the results are robust to missing observations. Millington and Niranjan (2017)

also construct a financial network using the estimated precision matrix to explore the relationship

between the companies and show how the constructed network helps to make investment decisions.

Callot et al. (2019) use the nodewise-regression method of Meinshausen and Bühlmann (2006)

to establish consistency of the estimated variance, weights and risk of high-dimensional financial

portfolio. Their empirical application demonstrates that the precision matrix estimator based on

the nodewise-regression outperforms the principal orthogonal complement thresholding estimator

(POET) (Fan et al. (2013)) and linear shrinkage (Ledoit and Wolf (2004)). Cai et al. (2020)

use constrained `1-minimization for inverse matrix estimation (Clime) of the precision matrix (Cai

et al. (2011)) to develop a consistent estimator of the minimum variance for high-dimensional global

minimum-variance portfolio. It is important to note that all the aforementioned methods impose

some sparsity assumption on the precision matrix of excess returns.

An alternative strategy to handle high-dimensional setting uses factor models to acknowledge

common variation in the stock prices, which was documented in many empirical studies (see Camp-

bell et al. (1997) among many others). A common approach decomposes covariance matrix of excess

returns into low-rank and sparse parts, the latter is further regularized since, after the common

factors are accounted for, the remaining covariance matrix of the idiosyncratic components is still

high-dimensional (Fan et al. (2011, 2013, 2018)). This stream of literature, however, focuses on

the estimation of a covariance matrix. The accuracy of precision matrices obtained from inverting

the factor-based covariance matrix was investigated by Ait-Sahalia and Xiu (2017), but they did

not study a high-dimensional case. Factor models are generally treated as competitors to graphical

models: as an example, Callot et al. (2019) find evidence of superior performance of nodewise-

regression estimator of precision matrix over a factor-based estimator POET (Fan et al. (2013))

in terms of the out-of-sample Sharpe Ratio and risk of financial portfolio. The root cause why
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factor models and graphical models are treated separately is the sparsity assumption on the pre-

cision matrix made in the latter. Specifically, as pointed out in Koike (2020), when asset returns

have common factors, the precision matrix cannot be sparse because all pairs of assets are partially

correlated conditional on other assets through the common factors. One attempt to integrate factor

modeling and high-dimensional precision estimation was made by Fan et al. (2018) (Section 5.2):

the authors referred to such class of models as “conditional graphical models”. However, this was

not the main focus of their paper which concentrated on covariance estimation through elliptical

factor models. As Fan et al. (2018) pointed out, “though substantial amount of efforts have been

made to understand the graphical model, little has been done for estimating conditional graphical

model, which is more general and realistic”. Concretely, to the best of our knowledge there are

no studies that examine theoretical and empirical performance of graphical models integrated with

the factor structure in the context of portfolio allocation.

In this paper we fill this gap and develop a new conditional precision matrix estimator for

the excess returns under the approximate factor model that combines the benefits of graphical

models and factor structure. We call our algorithm the Factor Graphical Lasso (FGL). We use a

factor model to remove the co-movements induced by the factors, and then we apply the Weighted

Graphical Lasso for the estimation of the precision matrix of the idiosyncratic terms. We prove

consistency of FGL in the spectral and `1 matrix norms. In addition, we prove consistency of

the estimated portfolio weights and risk exposure for three formulations of the optimal portfolio

allocation.

Our empirical application uses daily and monthly data for the constituents of the S&P500: we

demonstrate that FGL outperforms equal-weighted portfolio, index portfolio, portfolios based on

other estimators of precision matrix (Clime, Cai et al. (2011)) and covariance matrix, including

POET (Fan et al. (2013)) and the shrinkage estimators adjusted to allow for the factor structure

4



(Ledoit and Wolf (2004), Ledoit and Wolf (2017)), in terms of the out-of-sample Sharpe Ratio.

Furthermore, we find strong empirical evidence that relaxing the constraint that portfolio weights

sum up to one leads to a large increase in the out-of-sample Sharpe Ratio, which, to the best of

our knowledge, has not been previously well-studied in the empirical finance literature.

From the theoretical perspective, our paper makes several important contributions to the ex-

isting literature on graphical models and factor models. First, to the best of out knowledge, there

are no equivalent theoretical results that establish consistency of the portfolio weights and risk

exposure in a high-dimensional setting without assuming sparsity on the covariance or precision

matrix of stock returns. Second, we extend the theoretical results of POET (Fan et al. (2013)) to

allow the number of factors to grow with the number of assets. Concretely, we establish uniform

consistency for the factors and factor loadings estimated using PCA. Third, we are not aware of any

other papers that provide convergence results for estimating a high-dimensional precision matrix

using the Weighted Graphical Lasso under the approximate factor model with unobserved factors.

Furthermore, all theoretical results established in this paper hold for a wide range of distributions:

Sub-Gaussian family (including Gaussian) and elliptical family. Our simulations demonstrate that

FGL is robust to very heavy-tailed distributions, which makes our method suitable for the finan-

cial applications. Finally, we demonstrate that in contrast to POET, the success of the proposed

method does not heavily depend on the factor pervasiveness assumption: FGL is robust to the

scenarios when the gap between the diverging and bounded eigenvalues decreases.

This paper is organized as follows: Section 2 reviews the basics of the Markowitz mean-variance

portfolio theory. Section 3 provides a brief summary of the graphical models and introduces the

Factor Graphical Lasso. Section 4 contains theoretical results and Section 5 validates these results

using simulations. Section 6 provides empirical application. Section 7 concludes.
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Notation

For the convenience of the reader, we summarize the notation to be used throughout the paper.

Let Sp denote the set of all p× p symmetric matrices, and S++
p denotes the set of all p× p positive

definite matrices. For any matrix C, its (i, j)-th element is denoted as cij . Given a vector u ∈ Rd and

parameter a ∈ [1,∞), let ‖u‖a denote `a-norm. Given a matrix U ∈ Sp, let Λmax(U) ≡ Λ1(U) ≥

Λ2(U) ≥ . . . ≥ Λmin(U) ≡ Λp(U) be the eigenvalues of U, and eigK(U) ∈ RK×p denote the

first K ≤ p normalized eigenvectors corresponding to Λ1(U), . . . ,ΛK(U). Given parameters a, b ∈

[1,∞), let |||U|||a,b ≡ max‖y‖a=1‖Uy‖b denote the induced matrix-operator norm. The special cases

are |||U|||1 ≡ max1≤j≤N
∑N

i=1|ui,j | for the `1/`1-operator norm; the operator norm (`2-matrix norm)

|||U|||22 ≡ Λmax(UU′) is equal to the maximal singular value of U; |||U|||∞ ≡ max1≤j≤N
∑N

i=1|uj,i|

for the `∞/`∞-operator norm. Finally, ‖U‖max ≡ maxi,j |ui,j | denotes the element-wise maximum,

and |||U|||2F ≡
∑

i,j u
2
i,j denotes the Frobenius matrix norm.

2 Optimal Portfolio Allocation

The importance of the minimum-variance portfolio introduced by Markowitz (1952) as a risk-

management tool has been studied by many researchers. In this section we review the basics of

Markowitz mean-variance portfolio theory and provide several formulations of the optimal portfolio

allocation.

Suppose we observe p assets (indexed by i) over T period of time (indexed by t). Let rt =

(r1t, r2t, . . . , rpt)
′ ∼ D(m,Σ) be a p × 1 vector of excess returns drawn from a distribution D,

where m and Σ are the unconditional mean and covariance matrix of the returns. The goal of the

Markowitz theory is to choose asset weights in a portfolio optimally. We will study two optimization

problems: the well-known Markowitz weight-constrained (MWC) optimization problem, and the
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Markowitz risk-constrained (MRC) optimization with relaxing the constraint on portfolio weights.

The first optimization problem searches for asset weights such that the portfolio achieves a

desired expected rate of return with minimum risk, under the restriction that all weights sum up

to one. This can be formulated as the following quadratic optimization problem:

min
w

1

2
w′Σw, s.t. w′ι = 1 and m′w ≥ µ (2.1)

where w is a p × 1 vector of asset weights in the portfolio, ι is a p × 1 vector of ones, and µ is a

desired expected rate of portfolio return. Let Θ ≡ Σ−1 be the precision matrix.

If m′w > µ, then the solution to (2.1) yields the global minimum-variance (GMV) portfolio

weights wGMV :

wGMV = (ι′Θι)−1Θι. (2.2)

If m′w = µ, the solution to (2.1) is a well-known two-fund separation theorem introduced by

Tobin (1958):

wMWC = (1− a1)wGMV + a1wM , (2.3)

wM = (ι′Θm)−1Θm, (2.4)

a1 =
µ(m′Θι)(ι′Θι)− (m′Θι)2

(m′Θm)(ι′Θι)− (m′Θι)2
, (2.5)

where wMWC denotes the portfolio allocation with the constraint that the weights need to sum up

to one and wM captures all mean-related market information.

The MRC problem has the same objective as in (2.1), but portfolio weights are not required to

sum up to one:

min
w

1

2
w′Σw, s.t. m′w ≥ µ. (2.6)
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It can be easily shown that the solution to (2.6) is:

w∗1 =
µΘm

m′Θm
. (2.7)

Alternatively, instead of searching for a portfolio with a specified desired expected rate of return,

one can maximize expected portfolio return given a maximum risk-tolerance level:

max
w

w′m, s.t. w′Σw ≤ σ2. (2.8)

In this case, the solution to (2.8) yields:

w∗2 =
σ2

w′m
Θm =

σ2

µ
Θm. (2.9)

To get the second equality in (2.9) we use the definition of µ from (2.6). It follows that if µ = σ
√
θ,

where θ ≡m′Θm is the squared Sharpe Ratio of the portfolio, then the solution to (2.6) and (2.8)

admits the following expression:

wMRC =
σ√

m′Θm
Θm =

σ√
θ
α, (2.10)

where α ≡ Θm. Equation (2.10) tells us that once an investor specifies the desired return, µ, and

maximum risk-tolerance level, σ, this pins down the Sharpe Ratio of the portfolio which makes the

optimization problems of minimizing risk in (2.6) and maximizing expected return of the portfolio

in (2.8) identical.

This brings us to three alternative portfolio allocations commonly used in the existing literature:

Global Minimum-Variance portfolio in (2.2), Markowitz Weight-Constrained portfolio in (2.3) and

Markowitz Maximum-Risk-Constrained portfolio in (2.10). It is clear that all formulations require
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an estimate of the precision matrix Θ.

3 Factor Graphical Lasso

In this section we introduce a framework for estimating precision matrix for the aforementioned

financial portfolios which accounts for the fact that the returns follow approximate factor structure.

The arbitrage pricing theory (APT), developed by Ross (1976), postulates that the expected

returns on securities should be related to their covariance with the common components or factors

only. The goal of the APT is to model the tendency of asset returns to move together via factor

decomposition. Assume that the return generating process (rt) follows a K-factor model:

rt︸︷︷︸
p×1

= B ft︸︷︷︸
K×1

+ εt, t = 1, . . . , T (3.1)

where ft = (f1t, . . . , fKt)
′ are the factors, B is a p × K matrix of factor loadings, and εt is the

idiosyncratic component that cannot be explained by the common factors. Factors in (3.1) can be

either observable, such as in Fama and French (1993, 2015), or can be estimated using statistical

factor models. Unobservable factors and loadings are usually estimated by the principal compo-

nent analysis (PCA), as studied in Bai (2003); Bai and Ng (2002); Connor and Korajczyk (1988);

Stock and Watson (2002). Strict factor structure assumes that the idiosyncratic disturbances, εt,

are uncorrelated with each other, whereas approximate factor structure allows correlation of the

idiosyncratic disturbances (see Bai (2003); Chamberlain and Rothschild (1983) among others).

In this subsection we examine how to solve the Markowitz mean-variance portfolio allocation

problems using factor structure in the returns. We also develop Factor Graphical Lasso that uses the

estimated common factors to obtain a sparse precision matrix of the idiosyncratic component. The

resulting estimator is used to obtain the precision of the asset returns necessary to form portfolio
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weights. In this paper our main interest lies in establishing asymptotic properties of the estimators

of precision matrix, portfolio weights and risk-exposure for the high-dimensional case. We assume

that the number of common factors, K = Kp,T → ∞ as p → ∞, or T → ∞, or both p, T → ∞,

but we require that max{K/p,K/T} → 0 as p, T →∞.

Our setup is similar to the one studied in Fan et al. (2013): we consider a spiked covariance

model when the first K principal eigenvalues of Σ are growing with p, while the remaining p−K

eigenvalues are bounded and grow slower than p.

Rewrite equation (3.1) in matrix form:

R︸︷︷︸
p×T

= B︸︷︷︸
p×K

F + E. (3.2)

Recall that the factors and loadings in (3.2) are estimated by solving the following minimization

problem: (B̂, F̂) = argminB,F‖R−BF‖2F s.t. 1
T FF′ = IK , B′B is diagonal. The constraints are

needed to identify the factors (Fan et al. (2018)). It was shown (Stock and Watson (2002)) that

F̂ =
√
T eigK(R′R) and B̂ = T−1RF̂′. Given F̂, B̂, define Ê = R − B̂F̂. Let Σε = T−1EE′

and Σf = T−1FF′ be covariance matrices of the idiosyncratic components and factors, and let

Θε = Σ−1ε and Θf = Σ−1f be their inverses. Given a sample of the estimated residuals {ε̂t =

rt− B̂f̂t}Tt=1 and the estimated factors {f̂t}Tt=1, let Σ̂ε = (1/T )
∑T

t=1 ε̂tε̂
′
t and Σ̂f = (1/T )

∑T
t=1 f̂tf̂

′
t

be the sample counterparts of the covariance matrices.

Since our interest is in constructing portfolio weights, our goal is to estimate a precision matrix

of the excess returns. We impose a sparsity assumption on the precision matrix of the idiosyncratic

errors, Θε, which is obtained using the estimated residuals after removing the co-movements induced

by the factors (see Barigozzi et al. (2018); Brownlees et al. (2018); Koike (2020)).

Let Wε be an estimate of Σε. Also, let D̂2
ε ≡ diag(Wε). To induce sparsity in the estimation of
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precision matrix of the idiosyncratic errors Θε, we use the following penalized Bregman divergence

with the Weighted Graphical Lasso penalty:

Θ̂ε,λ = arg min
Θ∈S++

p

trace(WεΘε)− log det(Θε) + λ
∑
i 6=j

d̂ε,iid̂ε,jj |θε,ij |. (3.3)

The subscript λ in Θ̂ε,λ means that the solution of the optimization problem in (3.3) will

depend upon the choice of the tuning parameter. More details are provided in Section 4 that

establishes sparsity requirements that guarantee convergence of (3.3), and Section 5 that describes

how to choose the shrinkage intensity in practice. In order to simplify notation, we will omit the

subscript λ. To solve (3.3) we use the procedure based on the weighted Graphical Lasso which was

first proposed in Friedman et al. (2008) and further studied in Mazumder and Hastie (2012) and

Janková and van de Geer (2018) among others. Define the following partitions of Wε, Σ̂ε and Θε:

Wε =


Wε,11︸ ︷︷ ︸

(p−1)×(p−1)

wε,12︸ ︷︷ ︸
(p−1)×1

w′ε,12 wε,22

 , Σ̂ε =


Σ̂ε,11︸ ︷︷ ︸

(p−1)×(p−1)

σ̂ε,12︸ ︷︷ ︸
(p−1)×1

σ̂′ε,12 σ̂ε,22

 ,Θ =


Θε,11︸ ︷︷ ︸

(p−1)×(p−1)

θε,12︸︷︷︸
(p−1)×1

θ′ε,12 θε,22

 .

(3.4)

Let β ≡ −θε,12/θε,22. The idea of GLASSO is to set Wε = Σ̂ε + λI in (3.3) and combine the

gradient of (3.3) with the formula for partitioned inverses to obtain the following `1-regularized

quadratic program

β̂ = arg min
β∈Rp−1

{1

2
β′Wε,11β − β′σ̂ε,12 + λ‖β‖1

}
. (3.5)

As shown by Friedman et al. (2008), (3.5) can be viewed as a LASSO regression, where the LASSO

estimates are functions of the inner products of Wε,11 and σ̂ε,12. Hence, (3.3) is equivalent to p

coupled LASSO problems. Once we obtain β̂, we can estimate the entries Θε using the formula for

partitioned inverses. The procedure to obtain sparse Θε is summarized in Algorithm 1.
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Algorithm 1 Graphical Lasso Friedman et al. (2008), adapted

1: Initialize Wε = Σ̂ε + λI. The diagonal of Wε remains the same in what follows.

2: Repeat for j = 1, . . . , p, 1, . . . , p, . . . until convergence:

• Partition Wε into part 1: all but the j-th row and column, and part 2: the j-th row and

column.

• Solve the score equations using the cyclical coordinate descent: Wε,11β − σ̂ε,12 + λ ·
Sign(β) = 0. This gives a (p− 1)× 1 vector solution β̂.

• Update ŵε,12 = Wε,11β̂.

3: In the final cycle (for i = 1, . . . , p) solve for 1

θ̂22
= wε,22 − β̂′ŵε,12 and θ̂12 = −θ̂22β̂.

As was shown in Friedman et al. (2008) and the follow-up paper by Mazumder and Hastie (2012),

the estimator produced by Graphical Lasso is guaranteed to be positive definite. Note that the

original algorithm developed by Friedman et al. (2008) is not suitable under the factor structure,

therefore, a separate treatment of the statistical properties of the precision matrix estimator in

Algorithm 1 is provided in Section 4. Algorithm 1 involves the tuning parameter λ, the procedure

on how to choose the shrinkage intensity coefficient is described in more detail in Subsection 5.1.

Having estimated factors, factor loadings and precision matrix of the idiosyncratic components,

we combine them using Sherman-Morrison-Woodbury formula to estimate the final precision matrix

of excess returns:

Θ̂ = Θ̂ε − Θ̂εB̂[Θ̂f + B̂′Θ̂εB̂]−1B̂′Θ̂ε. (3.6)

We call the procedure described above Factor Graphical Lasso (FGL), and summarize it in Algo-

rithm 2.
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Algorithm 2 Factor Graphical Lasso

1: (FM) Estimate f̂t and b̂i (Theorem 1). Get ε̂t = rt − B̂f̂t, Σ̂ε, Σ̂f and Θ̂f = Σ̂−1f .

2: (GL) Use Algorithm 1 to get Θ̂ε. (Theorem 2)

3: (FGL) Use Θ̂ε, Θ̂f and b̂i from Steps 1-2 to get Θ̂ in Equation (3.6). (Theorem 3)

4: Use Θ̂ to get ŵξ, ξ ∈ {GMV, MWC, MRC}. (Theorem 4)

5: Use Σ̂ = Θ̂−1 and ŵξ to get portfolio exposure ŵ
′
ξΣ̂ŵξ. (Theorem 5)

As we pointed out when discussing Algorithm 1, the estimator produced by Graphical Lasso

in general and FGL in particular is guaranteed to be positive definite. We have verified it in the

simulations and the empirical application. In Section 4, consistency properties of estimators are

established for the factors and loadings (Theorem 1), the precision matrix of ε (Theorem 2), the

precision matrix Θ (Theorem 3), portfolio weights (Theorem 4), and the portfolio risk exposure

(Theorem 5) as indicated in Algorithm 2. We can use Θ̂ obtained from (3.6) using Step 4 of

Algorithm 2 to estimate portfolio weights in (2.2), (2.3) and (2.10):

Remark 1. In practice, the number of common factors, K, is unknown and needs to be estimated.

One of the standard and commonly used approaches is to determine K in a data-driven way (Bai

and Ng (2002); Kapetanios (2010)). As an example, in their paper Fan et al. (2013) adopt the

approach from Bai and Ng (2002). However, all of the aforementioned papers deal with a fixed

number of factors. Therefore, we need to adopt a different criteria since K is allowed to grow in

our setup. For this reason, we use the methodology by Li et al. (2017): let bi,K and ft,K denote

K × 1 vectors of loadings and factors when K needs to be estimated, and BK is a p×K matrix of

stacked bi,K . Define

V (K) = min
BK ,FK

1

pT

p∑
i=1

T∑
t=1

(
rit −

1√
K

b′i,Kft,K

)2
, (3.7)
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where the minimum is taken over 1 ≤ K ≤ Kmax, subject to normalization B′KBK/p = IK . Hence,

F̄′K =
√
KR′BK/p. Define F̂′K = F̄′K(F̄KF̄′K/T )1/2, which is a rescaled estimator of the factors

that is used to determine the number of factors when K grows with the sample size. We then apply

the following procedure described in Li et al. (2017) to estimate K:

K̂ = arg min
1≤K≤Kmax

ln(V (K, F̂K)) +Kg(p, T ), (3.8)

where 1 ≤ K ≤ Kmax = o(min{p1/17, T 1/16}) and g(p, T ) is a penalty function of (p, T ) such that

(i) Kmax · g(p, T )→ 0 and (ii) C−1p,T,Kmax
· g(p, T )→∞ with Cp,T,Kmax = OP

(
max

[
K3

max√
p , K

5/2
max√
T

])
.

The choice of the penalty function is similar to Bai and Ng (2002). Throughout the paper we let

K̂ be the solution to (3.8).

4 Asymptotic Properties

In this section we first provide a brief review of the terminology used in the literature on graph-

ical models and the approaches to estimate a precision matrix. After that we establish consistency

of the Factor Graphical Lasso in Algorithm 2. We also study consistency of the estimators of

weights in (2.2), (2.3) and (2.10) and the implications on the out-of sample Sharpe Ratio.

The review of the Gaussian graphical models is based on Hastie et al. (2001) and Bishop (2006).

A graph consists of a set of vertices (nodes) and a set of edges (arcs) that join some pairs of the

vertices. In graphical models, each vertex represents a random variable, and the graph visualizes

the joint distribution of the entire set of random variables. The edges in a graph are parameterized

by potentials (values) that encode the strength of the conditional dependence between the random

variables at the corresponding vertices. Sparse graphs have a relatively small number of edges.

Among the main challenges in working with the graphical models are choosing the structure of the
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graph (model selection) and estimation of the edge parameters from the data.

Let A ∈ Sp. Define the following set for j = 1, . . . , p:

Dj(A) ≡ {i : Aij 6= 0, i 6= j}, dj(A) ≡ card(Dj(A)), d(A) ≡ max
j=1,...,p

dj(A), (4.1)

where dj(A) is the number of edges adjacent to the vertex j (i.e., the degree of vertex j), and d(A)

measures the maximum vertex degree. Define S(A) ≡
⋃p
j=1Dj(A) to be the overall off-diagonal

sparsity pattern, and s(A) ≡
∑p

j=1 dj(A) is the overall number of edges contained in the graph.

Note that card(S(A)) ≤ s(A): when s(A) = p(p− 1)/2 this would give a fully connected graph.

4.1 Assumptions

We now list the assumptions on the model (3.1):

(A.1) (Spiked covariance model) As p → ∞, Λ1(Σ) > Λ2(Σ) > . . . > ΛK(Σ) � ΛK+1(Σ) ≥ . . . ≥

Λp(Σ) ≥ 0, where Λj(Σ) = O(p) for j ≤ K, while the non-spiked eigenvalues are bounded,

Λj(Σ) = o(p) for j > K.

(A.2) (Pervasive factors) There exists a positive definiteK×K matrix B̆ such that
∣∣∣∣∣∣∣∣∣p−1B′B− B̆

∣∣∣∣∣∣∣∣∣
2
→

0 and Λmin(B̆)−1 = O(1) as p→∞.

(A.3) (a) {εt, ft}t≥1 is strictly stationary. Also, E[εit] = E[εitfit] = 0 ∀i ≤ p, j ≤ K and t ≤ T .

(b) There are constants c1, c2 > 0 such that Λmin(Σε) > c1, |||Σε|||1 < c2 and mini≤p,j≤pvar(εitεjt) >

c1.

(c) There are r1, r2 > 0 and b1, b2 > 0 such that for any s > 0, i ≤ p, j ≤ K,

Pr (|εit| > s) ≤ exp{−(s/b1)
r1}, Pr (|fjt| > s) ≤ exp{−(s/b2)

r2}.
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We also impose the strong mixing condition. Let F0
−∞ and F∞T denote the σ-algebras that are

generated by {(ft, εt) : t ≤ 0} and {(ft, εt) : t ≥ T} respectively. Define the mixing coefficient

α(T ) = sup
A∈F0

−∞,B∈F∞T
|PrAPrB − PrAB|. (4.2)

(A.4) (Strong mixing) There exists r3 > 0 such that 3r−11 +1.5r−12 +3r−13 > 1, and C > 0 satisfying,

for all T ∈ Z+, α(T ) ≤ exp(−CT r3).

(A.5) (Regularity conditions) There exists M > 0 such that, for all i ≤ p, t ≤ T and s ≤ T , such

that:

(a) ‖bi‖max < M

(b) E
[
p−1/2{ε′sεt − E[ε′sεt]}

]4
< M and

(c) E
[∥∥p−1/2∑p

i=1 biεit
∥∥4] < K2M .

Some comments regarding the aforementioned assumptions are in order. Assumptions (A.1)-

(A.4) are the same as in Fan et al. (2013), and assumption (A.5) is modified to account for

the increasing number of factors. Assumption (A.1) divides the eigenvalues into the diverging and

bounded ones. Without loss of generality, we assume that K largest eigenvalues have multiplicity of

1. The assumption of a spiked covariance model is common in the literature on approximate factor

models. However, we note that the model studied in this paper can be characterized as a “very

spiked model”. In other words, the gap between the first K eigenvalues and the rest is increasing

with p. As pointed out by Fan et al. (2018), (A.1) is typically satisfied by the factor model

with pervasive factors, which brings us to Assumption (A.2): the factors impact a non-vanishing

proportion of individual time-series. At the end of section 5 we explore the sensitivity of portfolios

constructed using FGL when the pervasiveness assumption is relaxed, that is, when the gap between
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the diverging and bounded eigenvalues decreases. Assumption (A.3)(a) is slightly stronger than

in Bai (2003), since it requires strict stationarity and non-correlation between {εt} and {ft} to

simplify technical calculations. In (A.3)(b) we require |||Σε|||1 < c2 instead of λmax(Σε) = O(1) to

estimate K consistently. When K is known, as in Fan et al. (2011); Koike (2020), this condition

can be relaxed. (A.3)(c) requires exponential-type tails to apply the large deviation theory to

(1/T )
∑T

t=1 εitεjt−σu,ij and (1/T )
∑T

t=1 fjtuit. However, in Subsection 4.6 we discuss the extension

of our results to the setting with elliptical distribution family which is more appropriate for financial

applications. Specifically, we discuss the appropriate modifications to the initial estimator of the

covariance matrix of returns such that the bounds derived in this paper continue to hold. (A.4)-

(A.5) are technical conditions which are needed to consistently estimate the common factors and

loadings. The conditions (A.5)(a-b) are weaker than those in Bai (2003) since our goal is to

estimate a precision matrix, and (A.5)(c) differs from Bai (2003) and Bai and Ng (2006) in that

the number of factors is assumed to slowly grow with p.

In addition, the following structural assumption on the population quantities is imposed:

(B.1) ‖Σ‖max = O(1), ‖B‖max = O(1), and ‖m‖∞ = O(1).

The sparsity of Θε is controlled by the deterministic sequences sT and dT : s(Θε) = Op(sT ) for

some sequence sT ∈ (0,∞), T = 1, 2, . . ., and d(Θε) = Op(dT ) for some sequence dT ∈ (0,∞), T =

1, 2, . . .. We will impose restrictions on the growth rates of sT and dT . Note that assumptions on

dT are weaker since they are always satisfied when sT = dT . However, dT can generally be smaller

than sT . In contrast to Fan et al. (2013) we do not impose sparsity on the covariance matrix of

the idiosyncratic component, instead, it is more realistic and relevant for error quantification in

portfolio analysis to impose conditional sparsity on the precision matrix after the common factors

are accounted for.
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4.2 The FGL Procedure

Recall the definition of the Weighted Graphical Lasso estimator in (3.3) for the precision matrix

of the idiosyncratic components. Also, recall that to estimate Θ we used equation (3.6). Therefore,

in order to obtain the FGL estimator Θ̂ we take the following steps: (1): estimate unknown

factors and factor loadings to get an estimator of Σε. (2): use Σ̂ε to get an estimator of Θε in

(3.3). (3): use Θ̂ε together with the estimators of factors and factor loadings from Step 1 to obtain

the final precision matrix estimator Θ̂, portfolio weight estimator ŵξ, and risk exposure estimator

Φ̂ξ = ŵ′ξΘ̂
−1ŵξ where ξ ∈ {GMV, MWC, MRC}.

Subsection 4.3 examines the theoretical foundations of the first step, and Subsections 4.4-4.5

are devoted to steps 2 and 3.

4.3 Convergence of Unknown Factors and Loadings

As pointed out in Bai (2003) and Fan et al. (2013), K × 1-dimensional factor loadings {bi}pi=1,

which are the rows of the factor loadings matrix B, and K×1-dimensional common factors {ft}Tt=1,

which are the columns of F, are not separately identifiable. Concretely, for any K × K matrix

H such that H′H = IK , Bft = BH′Hft, therefore, we cannot identify the tuple (B, ft) from

(BH′,Hft). Let K̂ ∈ {1, . . . ,Kmax} denote the estimated number of factors, where Kmax is allowed

to increase at a slower speed than min{p, T} such that Kmax = o(min{p1/3, T}) (see Li et al. (2017)

for the discussion about the rate).

Define V to be a K̂×K̂ diagonal matrix of the first K̂ largest eigenvalues of the sample covariance

matrix in decreasing order. Further, define a K̂ × K̂ matrix H = (1/T )V−1F̂′FB′B. For t ≤ T ,

Hft = T−1V−1F̂′(Bf1, . . . ,BfT )′Bft, which depends only on the data V−1F̂′ and an identifiable

part of parameters {Bft}Tt=1. Hence, Hft does not have an identifiability problem regardless of the

imposed identifiability condition.
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Let γ−1 = 3r−11 + 1.5r−12 + r−13 + 1. The following theorem is an extension of the results in Fan

et al. (2013) for the case when the number of factors is unknown and is allowed to grow. Proofs of

all the theorems are in Appendix A.

Theorem 1. Suppose that Kmax = o(min{p1/3, T}), K3 log p = o(T γ/6), KT = o(p2) and As-

sumptions (A.1)-(A.5) and (B.1) hold. Let ω1T ≡ K3/2
√

log p/T +K/
√
p and ω2T ≡ K/

√
T +

KT 1/4/
√
p. Then maxi≤p

∥∥∥b̂i −Hbi

∥∥∥ = OP (ω1T ) and maxt≤T

∥∥∥f̂t −Hft

∥∥∥ = OP (ω2T ).

The conditions K3 log p = o(T γ/6), KT = o(p2) are similar to Fan et al. (2013), the difference

arises due to the fact that we do not fix K, hence, in addition to the factor loadings, there are

KT factors to estimate. Therefore, the number of parameters introduced by the unknown growing

factors should not be “too large”, such that we can consistently estimate them uniformly. The

growth rate of the number of factors is controlled by Kmax = o(min{p1/3, T}).

The bounds derived in Theorem 1 help us establish the convergence properties of the estimated

idiosyncratic covariance, Σ̂ε, and precision matrix Θ̂ε which are presented in the next theorem:

Theorem 2. Let ω3T ≡ K2
√

log p/T + K3/
√
p. Under the assumptions of Theorem 1 and with

λ � ω3T (where λ is the tuning parameter in (3.3)), the estimator Σ̂ε obtained by estimating factor

model in (3.2) satisfies
∥∥∥Σ̂ε −Σε

∥∥∥
max

= OP (ω3T ). Let %T be a sequence of positive-valued random

variables such that %−1T ω3T
p−→ 0. If sT%T

p−→ 0, then
∣∣∣∣∣∣∣∣∣Θ̂ε −Θε

∣∣∣∣∣∣∣∣∣
l

= OP (%T sT ) as T → ∞ for any

l ∈ [1,∞].

Note that the term containing K3/
√
p arises due to the need to estimate unknown factors: Fan

et al. (2011) obtained a similar rate but for the case when factors are observable (in their work,

ω3T = K1/2
√

log p/T ). The second part of Theorem 2 is based on the relationship between the

convergence rates of the estimated covariance and precision matrices established in Janková and

van de Geer (2018) (Theorem 14.1.3). Koike (2020) obtained the convergence rate when factors
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are observable: the rate obtained in our paper is slower due to the fact that factors need to be

estimated (concretely, the rate under observable factors would satisfy %−1T
√
K log p/T

p−→ 0 ). We

now comment on the optimality of the rate in Theorem 2: as pointed out in Koike (2020), in the

standard Gaussian setting without factor structure, the minimax optimal rate is d(Θε)
√

log p/T ,

which can be faster than the rate obtained in Theorem 2 if d(Θε) < sT . Using penalized nodewise

regression could help achieve this faster rate. However, our empirical application to the monthly

stock returns demonstrated superior performance of the Weighted Graphical Lasso compared to the

nodewise regression in terms of the out-of-sample Sharpe Ratio and portfolio risk. Hence, in order

not to divert the focus of this paper, we leave the theoretical properties of the nodewise regression

for future research.

4.4 Convergence of Precision Matrix Estimator and Portfolio Weights by FGL

Having established the convergence properties of Σ̂ε and Θ̂ε, we now move to the estimation

of the precision matrix of the factor-adjusted returns in equation (3.6).

Theorem 3. Under the assumptions of Theorem 2, if dT sT%T
p−→ 0, then

∣∣∣∣∣∣∣∣∣Θ̂−Θ
∣∣∣∣∣∣∣∣∣

2
= OP (%T sT )

and
∣∣∣∣∣∣∣∣∣Θ̂−Θ

∣∣∣∣∣∣∣∣∣
1

= OP (%TdTK
3/2sT ).

Note that since, by construction, the precision matrix obtained using the Factor Graphical

Lasso is symmetric,
∣∣∣∣∣∣∣∣∣Θ̂−Θ

∣∣∣∣∣∣∣∣∣
∞

can be trivially obtained from the above theorem.

Using Theorem 3, we can then establish the consistency of the estimated weights of portfolios

based on the Factor Graphical Lasso.

Theorem 4. Under the assumptions of Theorem 3, we additionally assume |||Θ|||2 = O(1) (this

additional requirement essentially imposes Λp(Σ) > 0 in (A.1)), and %Td
2
T sT = o(1). Algorithm 2

consistently estimates portfolio weights in (2.2), (2.3) and (2.10):
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‖ŵGMV −wGMV‖1 = OP
(
%Td

2
TK

3sT

)
= oP (1), ‖ŵMWC −wMWC‖1 = OP (%Td

2
TK

3sT ) = oP (1),

and ‖ŵMRC −wMRC‖1 = OP
(
d
3/2
T K3 · [%T sT ]1/2

)
= oP (1).

We now comment on the rates in Theorem 4: first, the rates obtained by Callot et al. (2019)

for GMV and MWC formulations, when no factor structure of stock returns is assumed, require

s(Θ)3/2
√

log p/T = oP (1), where the authors imposed sparsity on the precision matrix of stock

returns, Θ. Therefore, if the precision matrix of stock returns is not sparse, portfolio weights can

be consistently estimated only if p is less than T 1/3 (since (p − 1)3/2
√

log p/T = o(1) is required

to ensure consistent estimation of portfolio weights). Our result in Theorem 4 improves this rate

and shows that as long as d2T sTK
3
√

log p/T = oP (1) we can consistently estimate weights of the

financial portfolio. Specifically, when the precision of the factor-adjusted returns is sparse, we can

consistently estimate portfolio weights when p > T without assuming sparsity on Σ or Θ. Second,

note that GMV and MWC weights converge slightly slower than MRC weight. This result is further

supported by our simulations presented in the next section.

4.5 Implications on Portfolio Risk Exposure

Having examined the properties of portfolio weights, it is natural to comment on the portfolio

variance estimation error. It is determined by the errors in two components: the estimated covari-

ance matrix and the estimated portfolio weights. Define a = ι′pΘιp/p, b = ι′pΘm/p, d = m′Θm/p,

g =
√

m′Θm/p and â = ι′pΘ̂ιp/p, b̂ = ι′pΘ̂m̂/p, d̂ = m̂′Θ̂m̂/p, ĝ =
√

m̂′Θ̂m̂/p. Define

ΦGMV = w′GMV ΣwGMV = (pa)−1 to be the global minimum variance, ΦMWC = w′MWCΣwMWC =

p−1
[
aµ2−2bµ+d
ad−b2

]
is the MWC portfolio variance, and ΦMRC = w′MRCΣwMRC = σ2(pg) is the MRC

portfolio variance. We use the terms variance and risk exposure interchangeably. Let Φ̂GMV, Φ̂MWC,

and Φ̂MRC be the sample counterparts of the respective portfolio variances. The expressions for

ΦGMV and ΦMWC were derived in Fan et al. (2008) and Callot et al. (2019). Theorem 5 establishes
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the consistency of a large portfolio’s variance estimator.

Theorem 5. Under the assumptions of Theorem 3, FGL consistently estimates GMV, MWC, and

MRC portfolio variance:∣∣∣Φ̂GMV/ΦGMV − 1
∣∣∣ = OP (%TdT sTK

3/2) = oP (1),∣∣∣Φ̂MWC/ΦMWC − 1
∣∣∣ = OP (%TdT sTK

3/2) = oP (1),∣∣∣Φ̂MRC/ΦMRC − 1
∣∣∣ = OP

(
[%TdT sTK

3/2]1/2
)

= oP (1).

Callot et al. (2019) derived a similar result for ΦGMV and ΦMWC under the assumption that

precision matrix of stock returns is sparse. Also, Ding et al. (2021) derived the bounds for ΦGMV

under the factor structure assuming sparse covariance matrix of idiosyncratic components and gross

exposure constraint on portfolio weights which limits negative positions.

The empirical application in Section 6 reveals that the portfolios constructed using MRC for-

mulation have higher risk compared with GMV and MWC alternatives: using monthly and daily

returns of the components of S&P500 index, MRC portfolios exhibit higher out-of-sample risk and

return compared to the alternative formulations. Furthermore, the empirical exercise demonstrates

that the higher return of MRC portfolios outweighs higher risk for the monthly data which is

evidenced by the increased out-of-sample Sharpe Ratio.

4.6 Generalization: Sub-Gaussian and Elliptical Distributions

So far the consistency of the Factor Graphical Lasso in Theorem 4 relied on the assumption of

the exponential-type tails in (A.3)(c). Since this tail-behavior may be too restrictive for financial

portfolio, we comment on the possibility to relax it. First, recall where (A.3)(c) was used before:

we required this assumption in order to establish convergence of unknown factors and loadings

in Theorem 1, which was further used to obtain the convergence properties of Σ̂ε in Theorem 2.

Hence, when Assumption (A.3)(c) is relaxed, one needs to find another way to consistently estimate
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Σε. We achieve it using the tools developed in Fan et al. (2018). Specifically, let Σ = ΓΛΓ
′
,

where Σ is the covariance matrix of returns that follow a factor structure described in equation

(3.1). Define Σ̂, Λ̂K , Γ̂K to be the estimators of Σ,Λ,Γ. We further let Λ̂K = diag(λ̂1, . . . , λ̂K)

and Γ̂K = (v̂1, . . . , v̂K) to be constructed by the first K leading empirical eigenvalues and the

corresponding eigenvectors of Σ̂ and B̂B̂′ = Γ̂KΛ̂KΓ̂
′
K . Similarly to Fan et al. (2018), we require

the following bounds on the componentwise maximums of the estimators:

(C.1)
∥∥∥Σ̂−Σ

∥∥∥
max

= OP (
√

log p/T ),

(C.2)
∥∥∥(Λ̂K −Λ)Λ−1

∥∥∥
max

= OP (K
√

log p/T ),

(C.3)
∥∥∥Γ̂K − Γ

∥∥∥
max

= OP (K1/2
√

log p/(Tp)).

Let Σ̂SG be the sample covariance matrix, with Λ̂SG
K and Γ̂SGK constructed with the first K

leading empirical eigenvalues and eigenvectors of Σ̂SG respectively. Also, let Σ̂EL1 = D̂R̂1D̂,

where R̂1 is obtained using the Kendall’s tau correlation coefficients and D̂ is a robust estimator

of variances constructed using the Huber loss. Furthermore, let Σ̂EL2 = D̂R̂2D̂, where R̂2 is

obtained using the spatial Kendall’s tau estimator. Define Λ̂EL
K to be the matrix of the first K

leading empirical eigenvalues of Σ̂EL1, and Γ̂ELK is the matrix of the first K leading empirical

eigenvectors of Σ̂EL2. For more details regarding constructing Σ̂SG, Σ̂EL1 and Σ̂EL2 see Fan et al.

(2018), Sections 3 and 4.

Proposition 1. For sub-Gaussian distributions, Σ̂SG, Λ̂SG
K and Γ̂SGK satisfy (C.1)-(C.3).

For elliptical distributions, Σ̂EL1, Λ̂EL
K and Γ̂ELK satisfy (C.1)-(C.3).

When (C.1)-(C.3) are satisfied, the bounds obtained in Theorems 2-5 continue to hold.

Proposition 1 is essentially a rephrasing of the results obtained in Fan et al. (2018), Sections

3 and 4. The difference arises due to the fact that we allow K to increase, which is reflected in
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the modified rates in (C.2)-(C.3). As evidenced from the above Proposition, Σ̂EL2 is only used

for estimating the eigenvectors. This is necessary due to the fact that, in contrast with Σ̂EL2, the

theoretical properties of the eigenvectors of Σ̂EL are mathematically involved because of the sin

function. The FGL for the elliptical distributions will be called the Robust FGL.

5 Monte Carlo

In order to validate our theoretical results, we perform several simulation studies which are

divided into four parts. The first set of results computes the empirical convergence rates and com-

pares them with the theoretical expressions derived in Theorems 3-5. The second set of results

compares the performance of the FGL with several alternative models for estimating covariance

and precision matrix. To highlight the benefit of using the information about factor structure as

opposed to standard graphical models, we include Graphical Lasso by Friedman et al. (2008) (GL)

that does not account for the factor structure. To explore the benefits of using FGL for error quan-

tification in (3.6), we consider several alternative estimators of covariance/precision matrix of the

idiosyncratic component in (3.6): (1) linear shrinkage estimator of covariance developed by Ledoit

and Wolf (2004) further referred to as Factor LW or FLW; (2) nonlinear shrinkage estimator of

covariance by Ledoit and Wolf (2017) (Factor NLW or FNLW); (3) POET (Fan et al. (2013)); (4)

constrained `1-minimization for inverse matrix estimator, Clime (Cai et al. (2011)) (Factor Clime

or FClime). Furthermore, we discovered that in certain setups the estimator of covariance pro-

duced by POET is not positive definite. In such cases we use the matrix symmetrization procedure

as in Fan et al. (2018) and then use eigenvalue cleaning as in Callot et al. (2017) and Hautsch

et al. (2012). This estimator is referred to as Projected POET; it coincides with POET when the

covariance estimator produced by the latter is positive definite. The third set of results examines

the performance of FGL and Robust FGL (described in Subsection 4.6) when the dependent vari-
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able follows elliptical distribution. The fourth set of results explores the sensitivity of portfolios

constructed using different covariance and precision estimators of interest when the pervasiveness

assumption (A.2) is relaxed, that is, when the gap between the diverging and bounded eigenvalues

decreases. All exercises in this section use 100 Monte Carlo simulations.

We first discuss the choice of the tuning parameter λ in (3.3) used in Algorithm 1. Let Θ̂ε,λ

be the solution to (3.3) for a fixed λ. Following Koike (2020), we minimize the following Bayesian

Information Criterion (BIC) using grid search:

BIC(λ) ≡ T
[
trace(Θ̂ε,λΣ̂ε)− log det(Θ̂ε,λ)

]
+ (log T )

∑
i≤j

1
[
θ̂ε,λ,ij 6= 0

]
. (5.1)

The grid G ≡ {λ1, . . . , λm} is constructed as follows: the maximum value in the grid, λm, is set to

be the smallest value for which all the off-diagonal entries of Θ̂ε,λm are zero, that is, the maximum

modulus of the off-diagonal entries of Σ̂ε. The smallest value of the grid, λ1 ∈ G, is determined

as λ1 ≡ ϑλm for a constant ϑ > 0. The remaining grid values λ1, . . . , λm are constructed in the

ascending order from λ1 to λm on the log scale:

λi = exp
(

log(λ1) +
i− 1

m− 1
log(λm/λ1)

)
, i = 2, . . . ,m− 1.

We use ϑ = ω3T and m = 10 in the simulations and the empirical exercise. We consider the

following setup: let p = T δ, δ = 0.85, K = 2(log T )0.5 and T = [2h], for h = 7, 7.5, 8, . . . , 9.5. A

sparse precision matrix of the idiosyncratic components is constructed as follows: we first generate

the adjacency matrix using a random graph structure. Define a p× p adjacency matrix Aε which
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is used to represent the structure of the graph:

aε,ij =


1, for i 6= j with probability q,

0, otherwise.

(5.2)

Let aε,ij denote the i, j-th element of the adjacency matrix Aε. We set aε,ij = aε,ji = 1, for i 6= j

with probability q, and 0 otherwise. Such structure results in sT = p(p− 1)q/2 edges in the graph.

To control sparsity, we set q = 1/(pT 0.8), which makes sT = O(T 0.05). The adjacency matrix has

all diagonal elements equal to zero. Hence, to obtain a positive definite precision matrix we apply

the procedure described in Zhao et al. (2012): using their notation, Θε = Aε · v + I(|τ |+ 0.1 + u),

where u > 0 is a positive number added to the diagonal of the precision matrix to control the

magnitude of partial correlations, v controls the magnitude of partial correlations with u, and τ is

the smallest eigenvalue of Aε · v. In our simulations we use u = 0.1 and v = 0.3.

Factors are assumed to have the following structure:

ft = φf ft−1 + ζt (5.3)

rt︸︷︷︸
p×1

= B ft︸︷︷︸
K×1

+ εt, t = 1, . . . , T (5.4)

where εt is a p × 1 random vector of idiosyncratic errors following N (0,Σε), with sparse Θε that

has a random graph structure described above, ft is a K×1 vector of factors, φf is an autoregressive

parameter in the factors which is a scalar for simplicity, B is a p×K matrix of factor loadings, ζt

is a K × 1 random vector with each component independently following N (0, σ2ζ ). To create B in

(5.4) we take the first K rows of an upper triangular matrix from a Cholesky decomposition of the

p× p Toeplitz matrix parameterized by ρ. For the first set of results we set ρ = 0.2, φf = 0.2 and

σ2ζ = 1. The specification in (5.4) leads to the low-rank plus sparse decomposition of the covariance
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matrix of stock returns rt.

As a first exercise, we compare the empirical and theoretical convergence rates of the precision

matrix, portfolio weights and exposure. A detailed description of the procedure and the simulation

results is provided in Appendix B.1. We confirm that the empirical rates and theoretical rates from

Theorems 3-5 are matched.

As a second exercise, we compare the performance of FGL with the alternative models listed

at the beginning of this section. We consider two cases: Case 1 is the same as for the first set of

simulations (p < T ): p = T δ, δ = 0.85, K = 2(log T )0.5, sT = O(T 0.05). Case 2 captures the cases

when p > T with p = 3 ·T δ, δ = 0.85, all else equal. The results for Case 2 are reported in Figure 1-

3, and Case 1 is located in Appendix B.2. FGL demonstrates superior performance for estimating

precision matrix and portfolio weights in both cases, exhibiting consistency for both Case 1 and

Case 2 settings. Also, FGL outperforms GL for estimating portfolio exposure and consistently

estimates the latter, however, depending on the case under consideration some alternative models

produce lower averaged error.

As a third exercise, we examine the performance of FGL and Robust FGL (described in sub-

section 4.6) when the dependent variable follows elliptical distributions. A detailed description of

the data generating process (DGP) and simulation results are provided in Appendix B.3. We find

that the performance of FGL for estimating the precision matrix is comparable with that of Robust

FGL: this suggests that our FGL algorithm is robust to heavy-tailed distributions even without

additional modifications.

As a final exercise, we explore the sensitivity of portfolios constructed using different covariance

and precision estimators of interest when the pervasiveness assumption (A.2) is relaxed. A detailed

description of the data generating process (DGP) and simulation results are provided in Appendix

B.4. We verify that FGL exhibits robust performance when the gap between the diverging and
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bounded eigenvalues decreases. In contrast, POET and Projected POET are most sensitive to

relaxing pervasiveness assumption which is consistent with our empirical findings and also with the

simulation results by Onatski (2013).

6 Empirical Application

In this section we examine the performance of the Factor Graphical Lasso for constructing a

financial portfolio using daily data. The description and empirical results for monthly data can be

found in Appendix C. We first describe the data and the estimation methodology, then we list four

metrics commonly reported in the finance literature, and, finally, we present the results.

6.1 Data

We use daily returns of the components of the S&P500 index. The data on historical S&P500

constituents and stock returns is fetched from CRSP and Compustat using SAS interface. For the

daily data the full sample size has 5040 observations on 420 stocks from January 20, 2000 - January

31, 2020. We use January 20, 2000 - January 24, 2002 (504 obs) as the first training (estimation)

period and January 25, 2002 - January 31, 2020 (4536 obs) as the out-of-sample test period. We roll

the estimation window (training periods) over the test sample to rebalance the portfolios monthly.

At the end of each month, prior to portfolio construction, we remove stocks with less than 2 years

of historical stock return data.

We examine the performance of Factor Graphical Lasso for three alternative portfolio allocations

(2.2), (2.3) and (2.10) and compare it with the equal-weighted portfolio (EW), index portfolio

(Index), FClime, FLW, FNLW (as in the simulations, we use alternative covariance and precision

estimators that incorporate the factor structure through Sherman-Morrison inversion formula),

POET and Projected POET. Index is the composite S&P500 index listed as ∧GSPC. We take the
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risk-free rate and Fama/French factors from Kenneth R. French’s data library.

6.2 Performance Measures

Similarly to Callot et al. (2019), we consider four metrics commonly reported in the finance

literature: the Sharpe Ratio, the portfolio turnover, the average return and the risk of a portfolio

(which is defined as the square root of the out-of-sample variance of the portfolio). We consider

two scenarios: with and without transaction costs. Let T denote the total number of observations,

the training sample consists of m = 504 observations, and the test sample is n = T −m.

When transaction costs are not taken into account, the out-of-sample average portfolio return,

variance and Sharpe Ratio (SR) are

µ̂test =
1

n

T−1∑
t=m

ŵ′trt+1, σ̂
2
test =

1

n− 1

T−1∑
t=m

(ŵ′trt+1 − µ̂test)2, SR = µ̂test/σ̂test. (6.1)

When transaction costs are considered, we follow Ban et al. (2018); Callot et al. (2019); DeMiguel

et al. (2009); Li (2015) to account for the transaction costs, further denoted as tc. In line with the

aforementioned papers, we set tc = 50bps. Define the excess portfolio at time t+1 with transaction

costs (tc) as

rt+1,portfolio = ŵ′trt+1 − tc(1 + ŵ′trt+1)

p∑
j=1

∣∣∣ŵt+1,j − ŵ+
t,j

∣∣∣, (6.2)

where

ŵ+
t,j = ŵt,j

1 + rt+1,j + rft+1

1 + rt+1,portfolio + rft+1

, (6.3)

rt+1,j +rft+1 is sum of the excess return of the j-th asset and risk-free rate, and rt+1,portfolio +rft+1 is
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the sum of the excess return of the portfolio and risk-free rate. The out-of-sample average portfolio

return, variance, Sharpe Ratio and turnover are defined accordingly:

µ̂test,tc =
1

n

T−1∑
t=m

rt,portfolio, σ̂
2
test,tc =

1

n− 1

T−1∑
t=m

(rt,portfolio − µ̂test,tc)2, SRtc = µ̂test,tc/σ̂test,tc, (6.4)

Turnover =
1

n

T−1∑
t=m

p∑
j=1

∣∣∣ŵt+1,j − ŵ+
t,j

∣∣∣. (6.5)

6.3 Results

This section explores the performance of the Factor Graphical Lasso for the financial portfolio

using daily data. We consider two scenarios, when the factors are unknown and estimated using

the standard PCA (statistical factors), and when the factors are known. The number of statistical

factors, K̂, is estimated in accordance with Remark 1. For the scenario with known factors we

include up to 5 Fama-French factors: FF1 includes the excess return on the market, FF3 includes

FF1 plus size factor (Small Minus Big, SMB) and value factor (High Minus Low, HML), and FF5

includes FF3 plus profitability factor (Robust Minus Weak, RMW) and risk factor (Conservative

Minus Agressive, CMA). In Table 1 and Appendix C, we report the daily and monthly portfolio

performance for three alternative portfolio allocations in (2.2), (2.3) and (2.10). Following Callot

et al. (2019), we set a return target µ = 0.0378% which is equivalent to 10% yearly return when

compounded. The target level of risk for the weight-constrained and risk-constrained Markowitz

portfolio (MWC and MRC) is set at σ = 0.013 which is the standard deviation of the daily excess

returns of the S&P500 index in the first training set. Following Callot et al. (2019), transaction

costs for each individual stock are set to be a constant 0.1%.

Let us summarize the results for daily data in Table 1: (1) MRC portfolios produce higher return

and higher risk, compared to MWC and GMV. However, the out-of-sample Sharpe Ratio for MRC

is lower than that of MWC and GMV, which implies that the higher risk of MRC portfolios is not
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fully compensated by the higher return. (2) FGL outperforms all the competitors, including EW

and Index. Specifically, our method has the lowest risk and turnover (compared to FClime, FLW,

FNLW and POET), and the highest out-of-sample Sharpe Ratio compared with all alternative

methods. (3) The implementation of POET for MRC resulted in the erratic behavior of this

method for estimating portfolio weights, concretely, many entries in the weight matrix had “NaN”

entries. We elaborate on the reasons behind such performance below. (4) Using the observable

Fama-French factors in the FGL, in general, produces portfolios with higher return and higher

out-of-sample Sharpe Ratio compared to the portfolios based on statistical factors. Interestingly,

this increase in return is not followed by higher risk. The results for monthly data are provided in

Appendix C: all the conclusions are similar to the ones for daily data.

We now examine possible reasons behind the observed puzzling behavior of POET and Projected

POET. The erratic behavior of the former is caused by the fact that POET estimator of covariance

matrix was not positive-definite which produced poor estimates of GMV and MWC weights and

made it infeasible to compute MRC weights (recall, by construction MRC weight in (2.10) requires

taking a square root). To explore deteriorated behavior of Projected POET, let us highlight two

findings outlined by the existing closely related literature. First, Bailey et al. (2020) examined

“pervasiveness” degree, or strength, of 146 factors commonly used in the empirical finance literature,

and found that only the market factor was strong, while all other factors were semi-strong. This

indicates that the factor pervasiveness assumption (A.2) might be unrealistic in practice. Second,

as pointed out by Onatski (2013), “the quality of POET dramatically deteriorates as the systematic-

idiosyncratic eigenvalue gap becomes small”. Therefore, being guided by the two aforementioned

findings, we attribute deteriorated performance of POET and Projected POET to the decreased gap

between the diverging and bounded eigenvalues documented in the past studies on financial returns.

High sensitivity of these two covariance estimators in such settings was further supported by our
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additional simulation study (Appendix B.4) examining the robustness of portfolios constructed

using different covariance and precision estimators.

Table 2 compares the performance of FGL and the alternative methods for the daily data

for different time periods of interesting episodes in terms of the cumulative excess return (CER)

and risk. To demonstrate the performance of all methods during the periods of recession and

expansion, we chose four periods and recorded CER for the whole year in each period of interest.

Two years, 2002 and 2008 correspond to the recession periods, which is why we we refer to them

as “Downturns”. We note that the references to Argentine Great Depression and The Financial

Crisis do not intend to limit these economic downturns to only one year. They merely provide the

context for the recessions. The other two years, 2017 and 2019, correspond to the years which were

relatively favorable to the stock market (“Booms”). Table 2 reveals some interesting findings: (1)

MRC portfolios yield higher CER and they are characterized by higher risk. (2) MRC is the only

type of portfolio that produces positive CER during both recessions. Note that all models that

used MWC and GMV during that time experienced large negative CER. (3) When EW and Index

have positive CER (during Boom periods), all portfolio formulations also produce positive CER.

However, the return accumulated by MRC is mostly higher than that by MWC and GMV portfolio

formulations. (4) FGL mostly outperforms the competitors, including EW and Index in terms of

CER and risk.

7 Conclusion

In this paper, we propose a new conditional precision matrix estimator for the excess returns

under the approximate factor model with unobserved factors that combines the benefits of graphical

models and factor structure. We established consistency of FGL in the spectral and `1 matrix norms.

In addition, we proved consistency of the portfolio weights and risk exposure for three formulations
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of the optimal portfolio allocation without assuming sparsity on the covariance or precision matrix of

stock returns. All theoretical results established in this paper hold for a wide range of distributions:

sub-Gaussian family (including Gaussian) and elliptical family. Our simulations demonstrate that

FGL is robust to very heavy-tailed distributions, which makes our method suitable for the financial

applications. Furthermore, we demonstrate that in contrast to POET and Projected POET, the

success of the proposed method does not heavily depend on the factor pervasiveness assumption:

FGL is robust to the scenarios when the gap between the diverging and bounded eigenvalues

decreases.

The empirical exercise uses the constituents of the S&P500 index and demonstrates superior

performance of FGL compared to several alternative models for estimating precision (FClime) and

covariance (FLW, FNLW, POET) matrices, Equal-Weighted (EW) portfolio and Index portfolio

in terms of the out-of-sample Sharpe Ratio and risk. This result is robust to both monthly and

daily data. We examine three different portfolio formulations and discover that the only portfolios

that produce positive cumulative excess return (CER) during recessions are the ones that relax the

constraint requiring portfolio weights sum up to one.
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Figure 1: Averaged errors of the estimators of Θ for Case 2 on logarithmic scale:
p = 3 · T 0.85, K = 2(log T )0.5, sT = O(T 0.05).

Figure 2: Averaged errors of the estimators of wGMV (left) and wMRC (right) for Case
2 on logarithmic scale: p = 3 · T 0.85, K = 2(log T )0.5, sT = O(T 0.05).
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Figure 3: Averaged errors of the estimators of ΦGMV (left) and ΦMRC (right) for Case
2 on logarithmic scale: p = 3 · T 0.85, K = 2(log T )0.5, sT = O(T 0.05).
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Supplemental Appendix

This Online Supplemental Appendix is structured as follows: Appendix A contains proofs of

the theorems and accompanying lemmas, Appendix B provides additional simulations for Section

5, additional empirical results for Section 6 are located in Appendix C.

Appendix A Proofs of the Theorems

A.1 Lemmas for Theorem 1

Lemma 1. Under the assumptions of Theorem 1,

(a) maxi,j≤K

∣∣∣(1/T )
∑T

t=1 fitfjt − E[fitfjt]
∣∣∣ = OP (

√
1/T ),

(b) maxi,j≤p

∣∣∣(1/T )
∑T

t=1 εitεjt − E[εitεjt]
∣∣∣ = OP (

√
log p/T ),

(c) maxi≤K,j≤p

∣∣∣(1/T )
∑T

t=1 fitεjt

∣∣∣ = OP (
√

log p/T ).

Proof. The proof of Lemma 1 can be found in Fan et al. (2011) (Lemma B.1).

Lemma 2. Under Assumption (A.4), maxt≤T
∑K

s=1|E[ε′sεt]|/p = O(1).

Proof. The proof of Lemma 2 can be found in Fan et al. (2013) (Lemma A.6).

Lemma 3. For K̂ defined in expression (3.6),

Pr
(
K̂ = K

)
→ 1.

Proof. The proof of Lemma 3 can be found in Li et al. (2017) (Theorem 1 and Corollary 1).
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Using the expressions (A.1) in Bai (2003) and (C.2) in Fan et al. (2013), we have the following

identity:

f̂t −Hft =
(V

p

)−1[ 1

T

T∑
s=1

f̂s
E[ε′sεt]

p
+

1

T

T∑
s=1

f̂sζst +
1

T

T∑
s=1

f̂sηst +
1

T

T∑
s=1

f̂sξst

]
, (A.1)

where ζst = ε′sεt/p− E[ε′sεt] /p, ηst = f ′s
∑p

i=1 biεit/p and ξst = f ′t
∑p

i=1 biεis/p.

Lemma 4. For all i ≤ K̂,

(a) (1/T )
∑T

t=1

[
(1/T )

∑T
t=1 f̂isE[ε′sεt] /p

]2
= OP (T−1),

(b) (1/T )
∑T

t=1

[
(1/T )

∑T
t=1 f̂isζst/p

]2
= OP (p−1),

(c) (1/T )
∑T

t=1

[
(1/T )

∑T
t=1 f̂isηst/p

]2
= OP (K2/p),

(d) (1/T )
∑T

t=1

[
(1/T )

∑T
t=1 f̂isξst/p

]2
= OP (K2/p).

Proof. We only prove (c) and (d), the proof of (a) and (b) can be found in Fan et al. (2013)

(Lemma 8).

(c) Recall, ηst = f ′s
∑p

i=1 biεit/p. Using Assumption (A.5), we get E
[
(1/T )×

∑T
t=1‖

∑p
i=1 biεit‖2

]
=

E
[
‖
∑p

i=1 biεit‖2
]

= O(pK). Therefore, by the Cauchy-Schwarz inequality and the facts that

(1/T )
∑T

t=1‖ft‖2 = O(K), and, ∀i,
∑T

s=1 f̂
2
is = T ,

1

T

T∑
t=1

( 1

T

T∑
s=1

f̂isηst

)2
≤

∥∥∥∥∥∥ 1

T

T∑
s=1

‖f̂isf ′s‖2
1

T

T∑
t=1

1

p
‖

p∑
j=1

biεjt‖

∥∥∥∥∥∥
2

≤ 1

Tp2

T∑
t=1

∥∥∥∥∥∥
p∑
j=1

biεjt

∥∥∥∥∥∥
2(

1

T

T∑
s=1

f̂2is
1

T

T∑
s=1

‖fs‖2
)

= OP
(K
p
·K
)

= OP
(K2

p

)
.
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(d) Using a similar approach as in part (c):

1

T

T∑
t=1

( 1

T

T∑
s=1

f̂isξst

)2
=

1

T

T∑
t=1

∣∣∣∣∣∣ 1

T

T∑
s=1

f ′t

p∑
j=1

εjs
1

p
f̂is

∣∣∣∣∣∣
2

≤
( 1

T

T∑
t=1

‖ft‖2
)∥∥∥∥∥∥ 1

T

T∑
s=1

p∑
j=1

bjεjs
1

p
f̂is

∥∥∥∥∥∥
2

≤
( 1

T

T∑
t=1

‖ft‖2
) 1

T

T∑
s=1

∥∥∥∥∥∥
p∑
j=1

bjεjs
1

p

∥∥∥∥∥∥
2( 1

T

T∑
s=1

f̂2is

)

= OP
(
K · pK

p2
· 1
)

= OP
(K2

p

)

Lemma 5.

(a) maxt≤T

∥∥∥(1/(Tp))
∑T

s=1 f̂
′
sE[ε′sεt]

∥∥∥ = OP (K/
√
T ).

(b) maxt≤T

∥∥∥(1/(Tp))
∑T

s=1 f̂
′
sζst

∥∥∥ = OP (
√
KT 1/4/

√
p).

(c) maxt≤T

∥∥∥(1/(Tp))
∑T

s=1 f̂
′
sηst

∥∥∥ = OP (KT 1/4/
√
p).

(d) maxt≤T

∥∥∥(1/(Tp))
∑T

s=1 f̂
′
sξst

∥∥∥ = OP (KT 1/4/
√
p).

Proof. Our proof is similar to the proof in Fan et al. (2013). However, we relax the assumptions

of fixed K.

(a) Using the Cauchy-Schwarz inequality, Lemma 2, and the fact that (1/T )
∑T

t=1‖f̂t‖2 = OP (K),

we get

max
t≤T

∥∥∥∥∥ 1

Tp

T∑
s=1

f̂ ′sE
[
ε′sεt

]∥∥∥∥∥ ≤ max
t≤T

[
1

T

T∑
s=1

∥∥∥f̂s∥∥∥ 1

T

T∑
s=1

(
E[ε′sεt]

p

)2]1/2
≤ OP (K) max

t≤T

[
1

T

T∑
s=1

(
E[ε′sεt]

p

)2]1/2

≤ OP (K) max
s,t

√∣∣∣∣E[ε′sεt]

p

∣∣∣∣max
t≤T

[
1

T

T∑
s=1

∣∣∣∣E[ε′sεt]

p

∣∣∣∣
]1/2

= OP
(
K · 1 · 1√

T

)
= OP

( K√
T

)
.
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(b) Using the Cauchy-Schwarz inequality,

max
t≤T

∥∥∥∥∥ 1

T

T∑
s=1

f̂
′
sζst

∥∥∥∥∥ ≤ max
t≤T

1

T

(
T∑
s=1

∥∥∥f̂s∥∥∥2 T∑
s=1

ζ2st

)1/2

≤

(
OP (K) max

t

1

T

T∑
s=1

ζ2st

)1/2

= OP
(√

K · T 1/4/
√
p ·
)
.

To obtain the last inequality we used Assumption (A.5)(b) to get E
[
(1/T )

∑T
s=1 ζ

2
st

]2
≤

maxs,t≤T E
[
ζ4st
]

= O(1/p2), and then applied the Chebyshev inequality and Bonferroni’s

method that yield maxt(1/T )
∑T

s=1 ζ
2
st = OP

(√
T/p

)
.

(c) Using the definition of ηst we get

max
t≤T

∥∥∥∥∥ 1

T

T∑
s=1

f̂
′
sηst

∥∥∥∥∥ ≤
∥∥∥∥∥ 1

T

T∑
s=1

f̂sf
′
s

∥∥∥∥∥max
t

∥∥∥∥∥1

p

p∑
i=1

biεit

∥∥∥∥∥ = OP
(
K · T 1/4/

√
p
)
.

To obtain the last rate we used Assumption (A.5)(c) together with the Chebyshev inequality

and Bonferroni’s method to get maxt≤T ‖
∑p

i=1 biεit‖ = OP
(
T 1/4√p

)
.

(d) In the proof of Lemma 4 we showed that ‖(1/T ) ×
∑T

t=1

∑p
i=1 biεit(1/p)f̂s‖2 = O

(√
K/p

)
.

Furthermore, Assumption (A.3) implies E
[
K−2ft

]4
< M , therefore, maxt≤T ‖ft‖ = OP

(
T 1/4
√
K
)

.

Using these bounds we get

max
t≤T

∥∥∥∥∥ 1

T

T∑
s=1

f̂
′
sξst

∥∥∥∥∥ ≤ max
t≤T
‖ft‖ ·

∥∥∥∥∥
T∑
s=1

p∑
i=1

biεit
1

p
f̂s

∥∥∥∥∥ = OP
(
T 1/4
√
K ·

√
K/p

)
= OP

(
T 1/4K/

√
p
)
.

Lemma 6.

(a) maxi≤K(1/T )
∑T

t=1(f̂t −Hft)
2
i = OP (1/T +K2/p).
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(b) (1/T )
∑T

t=1‖f̂t −Hft‖2 = OP (K/T +K3/p).

(c) maxt≤T (1/T )‖f̂t −Hft‖ = OP (K/
√
T +KT 1/4/

√
p).

Proof. Similarly to Fan et al. (2013), we prove this lemma conditioning on the event K̂ = K. Since

Pr(K̂ 6= K) = o(1), the unconditional arguments are implied.

(a) Using (A.1), for some constant C > 0,

max
i≤K

(1/T )
T∑
t=1

(f̂t −Hft)
2
i ≤ C max

i≤K

1

T

T∑
t=1

(
1

T

T∑
s=1

f̂is
E[ε′sεt]

p

)2

+ C max
i≤K

1

T

T∑
t=1

(
1

T

T∑
s=1

f̂isζst

)2

+ C max
i≤K

1

T

T∑
t=1

(
1

T

T∑
s=1

f̂isζst

)2

+ C max
i≤K

1

T

T∑
t=1

(
1

T

T∑
s=1

f̂isξst

)2

= OP

(
1

T
+

1

p
+
K2

p
+
K2

p

)
= OP (1/T +K2/p).

(b) Part (b) follows from part (a) and

1

T

T∑
t=1

‖f̂t −Hft‖2 ≤ K max
i≤K

1

T

T∑
t=1

(f̂t −Hft)
2
i .

(c) Part (c) is a direct consequence of A.1 and Lemma 5.

Lemma 7.

(a) HH′ = IK̂ +OP (K5/2/
√
T +K5/2/

√
p).

(b) HH′ = IK +OP (K5/2/
√
T +K5/2/

√
p).

Proof. Similarly to Lemma 6, we first condition on K̂ = K.
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(a) The key observation here is that, according to the definition of H, its rank grows with K, that

is, ‖H‖ = OP (K). Let ĉov(Hft) = (1/T )
∑T

t=1 Hft(Hft)
′. Using the triangular inequality we

get ∥∥HH′ − IK̂
∥∥
F
≤
∥∥HH′ − ĉov(Hft)

∥∥
F

+
∥∥ĉov(Hft)− IK̂

∥∥
F
. (A.2)

To bound the first term in (A.2), we use Lemma 1: ‖HH′ − ĉov(Hft)‖F ≤ ‖H‖
2‖IK − ĉov(Hft)‖F =

OP (K5/2/
√
T ).

To bound the second term in (A.2), we use the Cauchy-Schwarz inequality and Lemma 6:

∥∥∥∥∥ 1

T

T∑
t=1

Hft(Hft)
′ − 1

T

T∑
t=1

f̂tf̂
′
t

∥∥∥∥∥
F

≤

∥∥∥∥∥ 1

T

T∑
t=1

(Hft − f̂t)(Hft)
′

∥∥∥∥∥
F

+

∥∥∥∥∥ 1

T

∑
t

f̂t(f̂
′
t − (Hft)

′)

∥∥∥∥∥
F

≤

(
1

T

∑
t=1

∥∥∥Hft − f̂t

∥∥∥2 1

T

∑
t=1

‖Hft‖2
)1/2

+

(
1

T

∑
t=1

∥∥∥Hft − f̂t

∥∥∥2 1

T

∑
t=1

∥∥∥f̂t∥∥∥2)1/2

= OP

((K
T

+
K3

p
·K
)1/2

+
(K
T

+
K3

p
·K2

)1/2)
= OP

(
K3/2

√
T

+
K5/2

√
p

)
.

(b) The proof of (b) follows from Pr(K̂ = K)→ 1 and the arguments made in Fan et al. (2013),

(Lemma 11) for fixed K.

A.2 Proof of Theorem 1

The second part of Theorem 1 was proved in Lemma 6. We now proceed to the convergence rate

of the first part. Using the following definitions: b̂i = (1/T )
∑T

t=1 ritf̂t and (1/T )
∑T

t=1 f̂tf̂
′
t = IK ,

we obtain

b̂i −Hbi =
1

T

T∑
t=1

Hftεit +
1

T

T∑
t=1

rit(f̂t −Hft) + H
( 1

T

T∑
t=1

ftf
′
t − IK

)
bi. (A.3)
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Let us bound each term on the right-hand side of (A.3). The first term is

max
i≤p
‖Hftεit‖ ≤ ‖H‖max

i

√√√√ K∑
k=1

(
1

T

T∑
t=1

fktεit

)2

≤ ‖H‖
√
K max

i≤p,j≤K

∣∣∣∣∣ 1

T

T∑
t=1

fjtεit

∣∣∣∣∣
= OP

(
K ·K1/2 ·

√
log p/T

)
,

where we used Lemmas 1 and 7 together with Bonferroni’s method. For the second term,

max
i

∥∥∥∥∥ 1

T

T∑
t=1

rit

(
f̂t −Hft

)∥∥∥∥∥ ≤ max
i

(
1

T

T∑
t=1

r2it
1

T

T∑
t=1

∥∥∥f̂t −Hft

∥∥∥2)1/2

= OP

(
1

T
+
K2

p

)1/2

,

where we used Lemma 6 and the fact that maxi T
−1∑T

t=1 r
2
it = OP (1) since E

[
r2it
]

= O(1).

Finally, the third term is OP (K2T−1/2) since ‖(1/T )
∑T

t=1 ftf
′
t − IK‖ = OP

(
KT−1/2

)
, ‖H‖ =

OP (K) and maxi‖b‖i = O(1) by Assumption (B.1).

A.3 Corollary 1

As a consequence of Theorem 1, we get the following corollary:

Corollary 1. Under the assumptions of Theorem 1,

max
i≤p,t≤T

∥∥∥b̂′if̂t − b′ift

∥∥∥ = OP (log T 1/r2K2
√

log p/T +K2T 1/4/
√
p).

Proof. Using Assumption (A.4) and Bonferroni’s method, we have maxt≤T ‖ft‖ = OP (
√
K log T 1/r2).
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By Theorem 1, uniformly in i and t:

∥∥∥b̂′if̂t − b′ift

∥∥∥ ≤ ∥∥∥b̂i −Hbi

∥∥∥∥∥∥f̂t −Hft

∥∥∥+ ‖Hbi‖
∥∥∥f̂t −Hft

∥∥∥
+
∥∥∥b̂i −Hbi

∥∥∥‖Hft‖+ ‖bi‖‖ft‖
∥∥H′H− IK

∥∥
= OP

((
K3/2

√
log p

T
+

K
√
p

)
·
( K√

T
+
KT 1/4

√
p

))
+OP

(
K ·

( K√
T

+
KT 1/4

√
p

))

+OP

((
K3/2

√
log p

T
+

K
√
p

)
· log T 1/r2K1/2

)
+OP

(
log T 1/r2K1/2

(K5/2

√
T

+
K5/2

√
p

))

= OP
(

log T 1/r2K2
√

log p/T +K2T 1/4/
√
p
)
.

A.4 Proof of Theorem 2

Using the definition of the idiosyncratic components we have εit − ε̂it = b′iH
′(f̂t −Hft) + (b̂′i −

b′iH
′)f̂t + b′i(H

′H− IK)ft. We bound the maximum element-wise difference as follows:

max
i≤p

1

T

T∑
t=1

(εit − ε̂it)2 ≤ 4 max
i

∥∥b′iH′∥∥2 1

T

T∑
t=1

∥∥∥f̂t −Hft

∥∥∥2 + 4 max
i

∥∥∥b̂′i − b′iH
′
∥∥∥2 1

T

T∑
t=1

∥∥∥f̂t∥∥∥2
+ 4 max

i

∥∥b′i∥∥ 1

T

T∑
t=1

‖ft‖2
∥∥H′H− IK

∥∥2
F

= O

(
K2 ·

(K
T

+
K3

p

))
+O

((K3 log p

T
+
K2

p

)
·K

)
+O

(
K ·

(K5

T
+
K5

p

))

= O

(
K4 log p

T
+
K6

p

)
.

Let ω3T ≡ K2
√

log p/T + K3/
√
p. Denote maxi≤p(1/T )

∑T
t=1(εit − ε̂it)

2 = OP (ω2
3T ). Then,

maxi,t|εit − ε̂it| = OP (ω3T ) = oP (1), where the last equality is implied by Corollary 1.

As pointed out in the main text, the second part of Theorem 2 is based on the relationship between

the convergence rates of the estimated covariance and precision matrices established in Janková
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and van de Geer (2018) (Theorem 14.1.3).

A.5 Lemmas for Theorem 3

Lemma 8. Under the assumptions of Theorem 1, we have the following results:

(a) ‖B‖ = ‖BH′‖ = O(
√
p).

(b) %−1T max1≤i≤p

∥∥∥b̂i −H′bi

∥∥∥ = oP (1/
√
K) and max1≤i≤p

∥∥∥b̂i∥∥∥ = OP (
√
K).

(c) %−1T

∥∥∥B̂−BH′
∥∥∥ = oP

(√
p/K

)
and

∥∥∥B̂∥∥∥ = OP (
√
p).

Proof. Part (c) is direct consequences of (a)-(b), therefore, we only prove the first two parts in

what follows.

(a) Part (a) easily follows from (B.1): tr(Σ−BB′) = tr(Σ)− ‖B‖2 ≥ 0, since tr(Σ) = O(p) by

(B.1), we get ‖B‖2 = O(p). Part (a) follows from the fact that the linear space spanned by

the rows of B is the same as that by the rows of BH′, hence, in practice, it does not matter

which one is used.

(b) From Theorem 1, we have maxi≤p

∥∥∥b̂i −Hbi

∥∥∥ = OP (ω1T ). Using the definition of %T from

Theorem 2, it follows that %−1T ω1T = oP (ω1Tω
−1
3T ). Let z̃T ≡ ω1Tω

−1
3T . Consider

%−1T max1≤i≤p

∥∥∥b̂i −Hbi

∥∥∥ = oP (zT ). The latter holds for any zt ≥ z̃T , with the tightest bound

obtained when zT = z̃T . For the ease of representation, we use zT = 1/
√
K instead of z̃T .

The second result in Part (b) is obtained using the fact that max1≤i≤p

∥∥∥b̂i∥∥∥ ≤ √K‖B‖max,

where ‖B‖max = O(1) by (B.1).

Lemma 9. Let Π ≡
[
Θf + (BH′)′Θε(BH′)

]−1
, Π̂ ≡

[
Θ̂f + B̂′Θ̂εB̂

]−1
. Also, define Σf =

(1/T )
∑T

t=1 Hft(Hft)
′, Θf = Σ−1f , Σ̂f ≡ (1/T )

∑T
t=1 f̂tf̂

′
t, and Θ̂f = Σ̂−1f . Under the assumptions

of Theorem 2, we have the following results:
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(a) Λmin(B′B)−1 = O(1/p).

(b) |||Π|||2 = O(1/p).

(c) %−1T

∣∣∣∣∣∣∣∣∣Θ̂f −Θf

∣∣∣∣∣∣∣∣∣
2

= oP

(
1/
√
K
)

.

(d) %−1T

∣∣∣∣∣∣∣∣∣Π̂−Π
∣∣∣∣∣∣∣∣∣

2
= OP

(
sT /p

)
and

∣∣∣∣∣∣∣∣∣Π̂∣∣∣∣∣∣∣∣∣
2

= OP (1/p).

Proof.

(a) Using Assumption (A.2) we have
∣∣∣Λmin(p−1B′B)− Λmin(B̆)

∣∣∣ ≤ ∣∣∣∣∣∣∣∣∣p−1B′B− B̆
∣∣∣∣∣∣∣∣∣

2
, which

implies Part (a).

(b) First, notice that |||Π|||2 = Λmin(Θf + (BH′)′Θε(BH′))−1. Therefore, we get

|||Π|||2 ≤ Λmin((BH′)′Θε(BH′))−1 ≤ Λmin(B′B)−1Λmin(Θε)
−1 = Λmin(B′B)−1Λmax(Σε),

where the second inequality is due to the fact that the linear space spanned by the rows of

B is the same as that by the rows of BH′, hence, in practice, it does not matter which one is

used. Therefore, the result in Part (b) follows from Part (a), Assumptions (A.1) and (A.2).

(c) From Lemma 7 we obtained:

∥∥∥∥∥ 1

T

T∑
t=1

Hft(Hft)
′ − 1

T

T∑
t=1

f̂tf̂
′
t

∥∥∥∥∥
F

= OP

(
K3/2

√
T

+
K5/2

√
p

)
.

Since
∣∣∣∣∣∣∣∣∣Θf (Σ̂f −Σf )

∣∣∣∣∣∣∣∣∣
2
< 1, we have

∣∣∣∣∣∣∣∣∣Θ̂f −Θf

∣∣∣∣∣∣∣∣∣
2
≤
|||Θf |||2

∣∣∣∣∣∣∣∣∣Θf (Σ̂f −Σf )
∣∣∣∣∣∣∣∣∣

2

1−
∣∣∣∣∣∣∣∣∣Θf (Σ̂f −Σf )

∣∣∣∣∣∣∣∣∣
2

= OP

(
K3/2

√
T

+
K5/2

√
p

)
.

Let ω4T = K3/2/
√
T +K5/2/

√
p. Using the definition of %T from Theorem 2, it follows that
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%−1T ω4T = oP (ω4Tω
−1
3T ). Let γ̃T ≡ ω4Tω

−1
3T . Consider %−1T

∣∣∣∣∣∣∣∣∣Θ̂f −Θf

∣∣∣∣∣∣∣∣∣
2

= oP (γT ). The latter

holds for any γt ≥ γ̃T , with the tightest bound obtained when γT = γ̃T . For the ease of

representation, we use γT = 1/
√
K instead of γ̃T .

(d) We will bound each term in the definition of Π̂−Π. First, we have

∣∣∣∣∣∣∣∣∣B̂′Θ̂εB̂− (BH′)′Θε(BH′)
∣∣∣∣∣∣∣∣∣

2
≤
∣∣∣∣∣∣∣∣∣B̂−BH′

∣∣∣∣∣∣∣∣∣
2

∣∣∣∣∣∣∣∣∣Θ̂ε

∣∣∣∣∣∣∣∣∣
2

∣∣∣∣∣∣∣∣∣B̂∣∣∣∣∣∣∣∣∣
2

+
∣∣∣∣∣∣BH′

∣∣∣∣∣∣
2

∣∣∣∣∣∣∣∣∣Θ̂ε −Θε

∣∣∣∣∣∣∣∣∣
2

∣∣∣∣∣∣∣∣∣B̂∣∣∣∣∣∣∣∣∣
2

+
∣∣∣∣∣∣BH′

∣∣∣∣∣∣
2
|||Θε|||2

∣∣∣∣∣∣∣∣∣B̂−BH′
∣∣∣∣∣∣∣∣∣

2
= OP

(
p · sT · %T

)
. (A.4)

Now we combine (A.4) with the results from Parts (b)-(c):

%−1T

∣∣∣∣∣∣∣∣∣Π(Π̂−1 −Π−1
)∣∣∣∣∣∣∣∣∣

2
= OP

(
st

)
.

Finally, since
∣∣∣∣∣∣∣∣∣Π(Π̂−1 −Π−1

)∣∣∣∣∣∣∣∣∣
2
< 1, we have

%−1T

∣∣∣∣∣∣∣∣∣Π̂−Π
∣∣∣∣∣∣∣∣∣

2
≤ %−1T

|||Π|||2
∣∣∣∣∣∣∣∣∣Π(Π̂−1 −Π−1

)∣∣∣∣∣∣∣∣∣
2

1−
∣∣∣∣∣∣∣∣∣Π(Π̂−1 −Π−1

)∣∣∣∣∣∣∣∣∣
2

= OP

(
st
p

)
.

A.6 Proof of Theorem 3

Using the Sherman-Morrison-Woodbury formula, we have

∣∣∣∣∣∣∣∣∣Θ̂−Θ
∣∣∣∣∣∣∣∣∣
l
≤
∣∣∣∣∣∣∣∣∣Θ̂ε −Θε

∣∣∣∣∣∣∣∣∣
l
+
∣∣∣∣∣∣∣∣∣(Θ̂ε −Θε)B̂Π̂B̂′Θ̂ε

∣∣∣∣∣∣∣∣∣
l
+
∣∣∣∣∣∣∣∣∣Θε(B̂−BH′)Π̂B̂′Θ̂ε

∣∣∣∣∣∣∣∣∣
l

+
∣∣∣∣∣∣∣∣∣ΘεBH′(Π̂−Π)B̂′Θ̂ε

∣∣∣∣∣∣∣∣∣
l
+
∣∣∣∣∣∣∣∣∣ΘεBH′Π(B̂−B)′Θ̂ε

∣∣∣∣∣∣∣∣∣
l
+
∣∣∣∣∣∣∣∣∣ΘεBH′Π(BH′)′(Θ̂ε −Θε)

∣∣∣∣∣∣∣∣∣
l

= ∆1 + ∆2 + ∆3 + ∆4 + ∆5 + ∆6. (A.5)
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We now bound the terms in (A.5) for l = 2 and l = ∞. We start with l = 2. First, note that

%−1T ∆1 = OP (sT ) by Theorem 2. Second, using Lemmas 8-9 together with Theorem 2, we have

%−1T (∆2+∆6) = OP (sT ·
√
p ·(1/p) ·√p ·1) = OP (sT ). Third, %−1T (∆3+∆5) is negligible according to

Lemma 8(c). Finally, %−1T ∆4 = OP
(

1 ·√p · (sT /p) ·
√
p · 1

)
= OP (sT ) by Lemmas 8-9 and Theorem

2.

Now consider l = ∞. First, similarly to the previous case, %−1T ∆1 = OP (sT ). Second, %−1T (∆2 +

∆6) = OP
(
sT ·
√
pK ·(

√
K/p) ·

√
pK ·
√
dT

)
= OP (sTK

3/2
√
dT ), where we used the fact that for any

A ∈ Sp we have |||A|||1 = |||A|||∞ ≤
√
d(A)|||A|||2, where d(A) measures the maximum vertex degree

as described at the beginning of Section 4. Third, the term %−1T (∆3 + ∆5) is negligible according

to Lemma 8(c). Finally, %−1T ∆4 = OP (
√
dT ·
√
pK ·

√
K(sT )/p ·

√
pK ·

√
dT ) = OP (dTK

3/2sT ).

A.7 Lemmas for Theorem 4

Lemma 10. Under the assumptions of Theorem 4,

(a) ‖m̂−m‖max = OP (
√

log p/T ), where m is the unconditional mean of stock returns defined

in Subsection 3.3, and m̂ is the sample mean.

(b) |||Θ|||1 = O(dTK
3/2), where dT was defined in Section 4.

Proof.

(a) The proof of Part (a) is provided in Chang et al. (2018) (Lemma 1).

(b) To prove Part (b) we use the Sherman-Morrison-Woodbury formula:

|||Θ|||1 ≤ |||Θε|||1 +
∣∣∣∣∣∣ΘεB[Θf + B′ΘεB]−1B′Θε

∣∣∣∣∣∣
1

= O(
√
dT ) +O

(√
dT · p ·

√
K

p
·K ·

√
dT

)
= O(dTK

3/2). (A.6)
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The last equality in (A.6) is obtained under the assumptions of Theorem 4. This result is

important in several aspects: it shows that the sparsity of the precision matrix of stock returns

is controlled by the sparsity in the precision of the idiosyncratic returns. Hence, one does not

need to impose an unrealistic sparsity assumption on the precision of returns a priori when

the latter follow a factor structure - sparsity of the precision once the common movements

have been taken into account would suffice.

Lemma 11. Define a = ι′pΘιp/p, b = ι′pΘm/p, d = m′Θm/p, g =
√

m′Θm/p and â = ι′pΘ̂ιp/p,

b̂ = ι′pΘ̂m̂/p, d̂ = m̂′Θ̂m̂/p, ĝ =
√

m̂′Θ̂m̂/p . Under the assumptions of Theorem 4 and assuming

(ad− b2) > 0,

(a) a ≥ C0 > 0, b = O(1), d = O(1), where C0 is a positive constant representing the minimal

eigenvalue of Θ.

(b) |â− a| = OP (%TdTK
3/2sT ) = oP (1).

(c)
∣∣∣̂b− b∣∣∣ = OP (%TdTK

3/2sT ) = oP (1)

(d)
∣∣∣d̂− d∣∣∣ = OP (%TdTK

3/2sT ) = oP (1).

(e) |ĝ − g| = OP
(

[%TdTK
3/2sT ]1/2

)
= oP (1).

(f)
∣∣∣(âd̂− b̂2)− (ad− b2)

∣∣∣ = OP
(
%TdTK

3/2sT

)
= oP (1).

(g)
∣∣ad− b2∣∣ = O(1).

Proof.

(a) Part (a) is trivial and follows directly from |||Θ|||2 = O(1) and ‖m‖∞ = O(1) from Assumption

(B.1). We show the proof for d: recall, d = m′Θm/p ≤ |||Θ|||22‖m‖
2
2/p = O(1).
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(b) Using the Hölders inequality, we have

|â− a| =

∣∣∣∣∣ι′p(Θ̂−Θ)ιp

p

∣∣∣∣∣ ≤
∥∥∥(Θ̂−Θ)ιp

∥∥∥
1
‖ιp‖max

p
≤
∣∣∣∣∣∣∣∣∣Θ̂−Θ

∣∣∣∣∣∣∣∣∣
1

= OP
(
%TdTK

3/2(sT + (1/p))
)

= oP (1),

where the last rate is obtained using the assumptions of Theorem 3.

(c) First, rewrite the expression of interest:

b̂− b = [ι′p(Θ̂−Θ)(m̂−m)]/p+ [ι′p(Θ̂−Θ)m]/p+ [ι′pΘ(m̂−m)]/p. (A.7)

We now bound each of the terms in (A.7) using the expressions derived in Callot et al. (2019)

(see their Proof of Lemma A.2) and the fact that log p/T = o(1).

∣∣∣ι′p(Θ̂−Θ)(m̂−m)
∣∣∣/p ≤ ∣∣∣∣∣∣∣∣∣Θ̂−Θ

∣∣∣∣∣∣∣∣∣
1
‖m̂−m‖max = OP

(
%TdTK

3/2sT ·
√

log p

T

)
. (A.8)

∣∣∣ι′p(Θ̂−Θ)m
∣∣∣/p ≤ ∣∣∣∣∣∣∣∣∣Θ̂−Θ

∣∣∣∣∣∣∣∣∣
1

= OP
(
%TdTK

3/2sT

)
. (A.9)

∣∣ι′pΘ(m̂−m)
∣∣/p ≤ |||Θ|||1‖m̂−m‖max = OP

(
dTK

3/2 ·
√

log p

T

)
. (A.10)
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(d) First, rewrite the expression of interest:

d̂− d = [(m̂−m)′(Θ̂−Θ)(m̂−m)]/p+ [(m̂−m)′Θ(m̂−m)]/p

+ [2(m̂−m)′Θm]/p+ [2m′(Θ̂−Θ)(m̂−m)]/p

+ [m′(Θ̂−Θ)m]/p. (A.11)

We now bound each of the terms in (A.11) using the expressions derived in Callot et al.

(2019) (see their Proof of Lemma A.3) and the fact that log p/T = o(1).

∣∣∣(m̂−m)′(Θ̂−Θ)(m̂−m)
∣∣∣/p ≤ ‖m̂−m‖2max

∣∣∣∣∣∣∣∣∣Θ̂−Θ
∣∣∣∣∣∣∣∣∣

1

= OP
( log p

T
· %TdTK3/2sT

)
(A.12)

∣∣(m̂−m)′Θ(m̂−m)
∣∣/p ≤ ‖m̂−m‖2max|||Θ|||1 = OP

( log p

T
· dTK3/2

)
. (A.13)

∣∣(m̂−m)′Θm
∣∣/p ≤ ‖m̂−m‖max|||Θ|||1 = OP

(√ log p

T
· dTK3/2

)
. (A.14)

∣∣∣m′(Θ̂−Θ)(m̂−m)
∣∣∣/p ≤ ‖m̂−m‖max

∣∣∣∣∣∣∣∣∣Θ̂−Θ
∣∣∣∣∣∣∣∣∣

1

= OP
(√ log p

T
· %TdTK3/2sT

)
. (A.15)

∣∣∣m′(Θ̂−Θ)m
∣∣∣/p ≤ ∣∣∣∣∣∣∣∣∣Θ̂−Θ

∣∣∣∣∣∣∣∣∣
1

= OP
(
%TdTK

3/2sT

)
. (A.16)

(e) This is a direct consequence of Part (d) and the fact that
√
d̂− d ≥

√
d̂−
√
d.
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(f) First, rewrite the expression of interest:

(âd̂− b̂2)− (ad− b2) = [(â− a) + a][(d̂− d) + d]− [(̂b− b) + b]2,

therefore, using Lemma 11, we have

∣∣∣(âd̂− b̂2)− (ad− b2)
∣∣∣ ≤ [|â− a|∣∣∣d̂− d∣∣∣+ |â− a|d+ a

∣∣∣d̂− d∣∣∣+ (̂b− b)2 + 2|b|
∣∣∣̂b− b∣∣∣]

= OP
(
%TdTK

3/2sT

)
= oP (1).

(g) This is a direct consequence of Part (a): ad− b2 ≤ ad = O(1).

A.8 Proof of Theorem 4

Let us derive convergence rates for each portfolio weight formulas one by one. We start with

GMV formulation.

‖ŵGMV −wGMV‖1 ≤
a
‖(Θ̂−Θ)ιp‖1

p + |a− â|‖Θιp‖1
p

|â|a
= OP

(
%Td

2
TK

3sT

)
= oP (1),

where the first inequality was shown in Callot et al. (2019) (see their expression A.50), and the

rate follows from Lemmas 11 and 10.

We now proceed with the MWC weight formulation. First, let us simplify the weight expression as

follows: wMWC = κ1(Θιp/p) + κ2(Θm/p), where

κ1 =
d− µb
ad− b2

κ2 =
µa− b
ad− b2

.
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Let ŵMWC = κ̂1(Θ̂ιp/p)+ κ̂2(Θ̂m̂/p), where κ̂1 and κ̂2 are the estimators of κ1 and κ2 respectively.

As shown in Callot et al. (2019) (see their equation A.57), we can bound the quantity of interest

as follows:

‖ŵMWC −wMWC‖1 ≤ |(κ̂1 − κ1)|
∥∥∥(Θ̂−Θ)ιp

∥∥∥
1
/p+ |(κ̂1 − κ1)|‖Θιp‖1/p+ |κ1|

∥∥∥(Θ̂−Θ)ιp

∥∥∥
1
/p

+ |(κ̂2 − κ2)|
∥∥∥(Θ̂−Θ)(m̂−m)

∥∥∥
1
/p+ |(κ̂2 − κ2)|‖Θ(m̂−m)‖1/p

+ |(κ̂2 − κ2)|
∥∥∥(Θ̂−Θ)m

∥∥∥
1
/p+ |(κ̂2 − κ2)|‖Θm‖1/p

+ |κ2|
∥∥∥(Θ̂−Θ)(m̂−m)

∥∥∥
1
/p+ |κ2|

∥∥∥(Θ̂−Θ)m
∥∥∥
1
/p. (A.17)

For the ease of representation, denote y = ad − b2. Then, using similar technique as in Callot et

al. (2019) we get

|(κ̂1 − κ1)| ≤
y
∣∣∣d̂− d∣∣∣+ yµ

∣∣∣̂b− b∣∣∣+ |ŷ − y||d− µb|

ŷy
= OP

(
%TdTK

3/2sT

)
= oP (1),

where the rate trivially follows from Lemma 11.

Similarly, we get

|(κ̂2 − κ2)| = OP
(
%TdTK

3/2sT

)
= oP (1).

Callot et al. (2019) showed that |κ1| = O(1) and |κ2| = O(1). Therefore, we can get the rate of

(A.17):

‖ŵMWC −wMWC‖1 = OP
(
%Td

2
TK

3sT

)
= oP (1).
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We now proceed with the MRC weight formulation:

‖ŵMRC −wMRC‖1 ≤
g
p

[∥∥∥(Θ̂−Θ)(m̂−m)
∥∥∥
1

+
∥∥∥(Θ̂−Θ)m

∥∥∥
1

+ ‖Θ(m̂−m)‖1
]

+ |ĝ − g|‖Θm‖1
|ĝ|g

≤
g
p

[
p
∣∣∣∣∣∣∣∣∣Θ̂−Θ

∣∣∣∣∣∣∣∣∣
1
‖(m̂−m)‖max + p

∣∣∣∣∣∣∣∣∣Θ̂−Θ
∣∣∣∣∣∣∣∣∣

1
‖m‖max + p|||Θ|||1‖(m̂−m)‖max

]
+ p|ĝ − g||||Θ|||1‖m‖max

|ĝ|g

= OP
(
%TdTK

3/2sT ·
√

log p

T

)
+OP

(
%TdTK

3/2sT

)
+OP

(
dTK

3/2 ·
√

log p

T

)
+OP

(
[%TdTK

3/2sT ]1/2 · dTK3/2
)

= oP (1),

where we used Lemmas 10-11.

A.9 Proof of Theorem 5

We start with the GMV formulation. Using Lemma 11 (a)-(b), we get

∣∣∣∣ â−1a−1
− 1

∣∣∣∣ =
|a− â|
|â|

= OP (%TdTK
3/2sT ) = oP (1).

Proceeding to the MWC risk exposure, we follow Callot et al. (2019) and introduce the following

notation: x = aµ2 − 2bµ + d and x̂ = âµ − 2b̂µ + d̂ to rewrite Φ̂MWC = p−1(x̂/ŷ). As shown in

Callot et al. (2019), y/x = O(1) (see their equation A.42). Furthermore, by Lemma 11 (b)-(d)

|x̂− x| ≤ |â− a|µ2 + 2
∣∣∣b̂− b∣∣∣µ+

∣∣∣d̂− d∣∣∣ = OP (%TdTK
3/2sT ) = oP (1),

and by Lemma 11 (f):

|ŷ − y| =
∣∣∣âd̂− b̂2 − (ad− b2)

∣∣∣ = OP (%TdTK
3/2sT ) = oP (1).
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Using the above and the facts that y = O(1) and x = O(1) (which were derived by Callot et al.

(2019) in A.45 and A.46), we have

∣∣∣∣∣ Φ̂MWC − ΦMWC

ΦMWC

∣∣∣∣∣ =

∣∣∣∣(x̂− x)y + x(y − ŷ)

ŷy

∣∣∣∣O(1)OP (%TdTK
3/2sT ) = oP (1).

Finally, to bound MRC risk exposure, we use Lemma 11 (e) and rewrite

|g − ĝ|
|ĝ|

= OP
(

[%TdTK
3/2sT ]1/2) = oP (1).
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Appendix B Additional Simulations

B.1 Verifying Theoretical Rates

To compare the empirical rate with the theoretical expressions derived in Theorems 3-5, we

use the facts from Theorem 2 that ω3T ≡ K2
√

log p/T + K3/
√
p and %−1T ω3T

p−→ 0 to introduce

the following functions that correspond to the theoretical rates for the choice of parameters in the

empirical setting:

f|||·|||2 = C1 + C2 · log2(sT%T )

g|||·|||1 = C3 + C2 · log2(dTK
3/2sT%T )

 for Θ̂ (B.1)

h1 = C4 + C2 · log2(%Td
2
TK

3sT ) for ŵGMV, ŵMWC (B.2)

h2 = C5 + C6 · log2([%T sT ]1/2d
3/2
T K3) for ŵMRC (B.3)

h3 = C7 + C2 · log2(dTK
3/2sT%T ) for Φ̂GMV, Φ̂MWC (B.4)

h4 = C8 + C9 · log2(dTK
3/2sT%T ) for Φ̂MRC (B.5)

where C1, . . . , C9 are constants with C6 > C2 (by Theorem 4), C9 > C2 (by Theorem 5).

Figure B.1 shows the averaged (over Monte Carlo simulations) errors of the estimators of Θ,

w and Φ versus the sample size T in the logarithmic scale (base 2). In order to confirm the

theoretical findings from Theorems 3-5, we also plot the theoretical rates of convergence given by

the functions in (B.1)-(B.5). We verify that the empirical and theoretical rates are matched. Since

the convergence rates for GMV and MWC portfolio weights w and risk exposures Φ are very similar,

we only report the former. Note that as predicted by Theorem 3, the rate of convergence of the

precision matrix in |||·|||2-norm is faster than the rate in |||·|||1-norm. Furthermore, the convergence

rate of the GMV, MWC and MRC portfolio weights and risk exposures are close to the rate of the
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precision matrix Θ in |||·|||1-norm, which is confirmed by Theorem 4. As evidenced by Figure B.1,

the convergence rate of the MRC risk exposure is slower than the rate of GMV and MWC exposures.

This finding is in accordance with Theorem 5 and it is also consistent with the empirical findings

that indicate higher overall risk associated with MRC portfolios.

Figure B.1: Averaged empirical errors (solid lines) and theoretical rates of convergence
(dashed lines) on logarithmic scale: p = T 0.85, K = 2(log T )0.5, sT = O(T 0.05).
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B.2 Results for Case 1

We compare the performance of FGL with the alternative models listed at the beginning of

Section 5 for Case 1. The only instance when FGL is strictly but slightly dominated occurs in

Figure B.2: POET outperforms FGL in terms of convergence of precision matrix in the spectral

norm. This is different from Case 2 in Figure 1 where FGL outperforms all the competing models.

Figure B.2: Averaged errors of the estimators of Θ for Case 1 on logarithmic scale:
p = T 0.85, K = 2(log T )0.5, sT = O(T 0.05).
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Figure B.3: Averaged errors of the estimators of wGMV (left) and wMRC (right) for Case
1 on logarithmic scale: p = T 0.85, K = 2(log T )0.5, sT = O(T 0.05).

Figure B.4: Averaged errors of the estimators of ΦGMV (left) and ΦMRC (right) for Case
1 on logarithmic scale: p = T 0.85, K = 2(log T )0.5, sT = O(T 0.05).
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B.3 Robust FGL

The DGP for elliptical distributions is similar to Fan et al. (2018): let (ft, εt) from (3.1) jointly

follow the multivariate t-distribution with the degrees of freedom ν. When ν =∞, this corresponds

to the multivariate normal distribution, smaller values of ν are associated with thicker tails. We

draw T independent samples of (ft, εt) from the multivariate t-distribution with zero mean and

covariance matrix Σ = diag(Σf ,Σε), where Σf = IK . To construct Σε we use a Toeplitz structure

parameterized by ρ = 0.5, which leads to the sparse Θε = Σ−1ε . The rows of B are drawn from

N (0, IK). We let p = T 0.85, K = 2(log T )0.5 and T = [2h], for h ∈ {7, 7.5, 8, . . . , 9.5}. Figure B.5-

B.6 report the averaged (over Monte Carlo simulations) estimation errors (in the logarithmic scale,

base 2) for Θ and two portfolio weights (GMV and MRC) using FGL and Robust FGL for ν = 4.2.

Noticeably, the performance of FGL for estimating the precision matrix is comparable with that of

Robust FGL: this suggests that our FGL algorithm is insensitive to heavy-tailed distributions even

without additional modifications. Furthermore, FGL outperforms its Robust counterpart in terms

of estimating portfolio weights, as evidenced by Figure B.6. We further compare the performance

of FGL and Robust FGL for different degrees of freedom: Figure B.7 reports the log-ratios (base

2) of the averaged (over Monte Carlo simulations) estimation errors for ν = 4.2, ν = 7 and ν =∞.

The results for the estimation of Θ presented in Figure B.7 are consistent with the findings in Fan

et al. (2018): Robust FGL outperforms the non-robust counterpart for thicker tails.
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Figure B.5: Averaged errors of the estimators of Θ on logarithmic scale: p = T 0.85,
K = 2(log T )0.5, ν = 4.2.

Figure B.6: Averaged errors of the estimators of wGMV (left) and wMRC (right) on
logarithmic scale: p = T 0.85, K = 2(log T )0.5, ν = 4.2.
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Figure B.7: Log ratios (base 2) of the averaged errors of the FGL and the Robust FGL

estimators of Θ: log2

( |||Θ̂−Θ|||
2

|||Θ̂R−Θ|||
2

)
(left), log2

( |||Θ̂−Θ|||
1

|||Θ̂R−Θ|||
1

)
(right): p = T 0.85, K = 2(log T )0.5.

66



B.4 Relaxing Pervasiveness Assumption

As pointed out by Onatski (2013), the data on 100 industrial portfolios shows that there are

no large gaps between eigenvalues i and i + 1 of the sample covariance data except for i = 1.

However, as is commonly believed, such data contains at least three factors. Therefore, the factor

pervasiveness assumption suggests the existence of a large gap for i ≥ 3. In order to examine

sensitivity of portfolios to the pervasiveness assumption and quantify the degree of pervasiveness,

we use the same DGP as in (5.3)-(5.4), but with σε,ij = ρ|i−j| and K = 3. We consider ρ ∈

{0.4, 0.5, 0.6, 0.7, 0.8, 0.9} which corresponds to λ3/λ4 ∈ {3.1, 2.7, 2.6, 2.2, 1.5, 1.1}. In other words,

as ρ increases, the systematic-idiosyncratic gap measured by λ̂3/λ̂4 decreases. Table B.1-B.2 report

the mean quality of the estimators for portfolio weights and risk over 100 replications for T = 300

and p ∈ {300, 400}. The sample size and the number of regressors are chosen to closely match

the values from the empirical application. POET and Projected POET are the most sensitive to a

reduction in the gap between the leading and bounded eigenvalues which is evident from a dramatic

deterioration in the quality of these estimators. The remaining methods, including FGL, exhibit

robust performance. Since the behavior of the estimators for portfolio weights is similar to that

of the estimators of precision matrix, we only report the former for the ease of presentation. For

(T, p) = (300, 300), FClime shows the best performance followed by FGL and FLW, whereas for

(T, p) = (300, 400) FGL takes the lead. Interestingly, despite inferior performance of POET and

Projected POET in terms of estimating portfolio weights, risk exposure of the portfolios based on

these estimators is competitive with the other approaches.
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ρ = 0.4 ρ = 0.5 ρ = 0.6 ρ = 0.7 ρ = 0.8 ρ = 0.9
(λ3/λ4 = 3.1) (λ3/λ4 = 2.7) (λ3/λ4 = 2.6) (λ3/λ4 = 2.2) (λ3/λ4 = 1.5) (λ3/λ4 = 1.1)

‖ŵGMV −wGMV‖1
FGL 2.3198 2.3465 2.5177 2.4504 2.5010 2.7319

FClime 1.9554 1.9359 1.9795 1.9103 1.9813 1.9948
FLW 2.3445 2.3948 2.5328 2.4715 2.5918 3.0515

FNLW 2.2381 2.3009 2.3293 2.5497 2.9039 3.1980
POET 47.6746 82.1873 43.9722 54.1131 157.6963 235.8119

Projected POET 9.6335 7.8669 10.1546 10.6205 12.1795 15.2581∣∣∣Φ̂GMV − ΦGMV

∣∣∣
FGL 0.0033 0.0032 0.0034 0.0027 0.0021 0.0023

FClime 0.0012 0.0012 0.0012 0.0011 0.0010 0.0010
FLW 0.0049 0.0052 0.0061 0.0056 0.0049 0.0059

FNLW 0.0055 0.0060 0.0054 0.0052 0.0066 0.0057
POET 0.0070 0.0122 0.0058 0.0063 0.0103 0.0160

Projected POET 0.0021 0.0022 0.0019 0.0019 0.0018 0.0026

‖ŵMWC −wMWC‖1
FGL 2.3766 2.4108 2.7411 2.6094 2.5669 3.4633

FClime 2.0502 2.0279 2.2901 2.1400 2.1028 3.0737
FLW 2.4694 2.5132 2.8902 2.7315 2.7210 4.0248

FNLW 2.7268 2.3060 2.8984 3.5902 2.9232 3.2076
POET 49.8603 34.2024 469.3605 108.1529 74.8016 99.4561

Projected POET 9.0261 7.4028 8.1899 9.4806 11.9642 13.3890∣∣∣Φ̂MWC − ΦMWC

∣∣∣
FGL 0.0033 0.0032 0.0034 0.0027 0.0021 0.0024

FClime 0.0012 0.0012 0.0013 0.0011 0.0010 0.0009
FLW 0.0050 0.0053 0.0062 0.0057 0.0050 0.0059

FNLW 0.0055 0.0060 0.0055 0.0053 0.0066 0.0057
POET 0.0068 0.0047 0.0363 0.0092 0.0060 0.0056

Projected POET 0.0022 0.0022 0.0020 0.0020 0.0018 0.0027

‖ŵMRC −wMRC‖1
FGL 0.4872 0.1793 1.0044 0.6332 1.4568 2.3353

FClime 0.5160 0.2148 1.0188 0.6694 1.4855 2.3519
FLW 0.5333 0.2279 1.0345 0.6734 1.4904 2.3691

FNLW 0.8365 1.1285 1.1181 1.4419 1.7694 2.4612
POET NaN NaN NaN NaN NaN NaN

Projected POET 0.7414 0.6383 1.6686 1.8013 2.3297 3.2791∣∣∣Φ̂MRC − ΦMRC

∣∣∣
FGL 0.0004 0.0003 0.0025 0.0007 0.0021 0.0071

FClime 0.0005 0.0003 0.0024 0.0004 0.0016 0.0062
FLW 0.0002 0.0002 0.0021 0.0003 0.0018 0.0066

FNLW 0.0062 0.0062 0.0069 0.0119 0.0059 0.0143
POET NaN NaN NaN NaN NaN NaN

Projected POET 0.0003 0.0003 0.0027 0.0031 0.0069 0.0062

Table B.1: Sensitivity of portfolio weights and risk exposure when the gap between the diverging
and bounded eigenvalues decreases: (T, p) = (300, 300).
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ρ = 0.4 ρ = 0.5 ρ = 0.6 ρ = 0.7 ρ = 0.8 ρ = 0.9
(λ3/λ4 = 3.1) (λ3/λ4 = 2.7) (λ3/λ4 = 2.6) (λ3/λ4 = 2.2) (λ3/λ4 = 1.5) (λ3/λ4 = 1.1)

‖ŵGMV −wGMV‖1
FGL 1.6900 1.8134 1.8577 1.8839 1.9843 2.0692

FClime 1.9073 1.9524 1.9997 1.9490 1.9898 2.0330
FLW 2.0239 2.0945 2.1195 2.1235 2.2473 2.4745

FNLW 2.0316 2.0790 2.1927 2.2503 2.4143 2.4710
POET 18.7934 28.0493 155.8479 32.4197 41.8098 71.5811

Projected POET 7.8696 8.4915 8.8641 10.7522 11.2092 19.0424∣∣∣Φ̂GMV − ΦGMV

∣∣∣
FGL 8.62E-04 9.22E-04 7.23E-04 7.31E-04 6.83E-04 5.73E-04

FClime 8.40E-04 8.27E-04 8.02E-04 7.87E-04 7.36E-04 6.71E-04
FLW 1.59E-03 1.73E-03 1.57E-03 1.68E-03 1.69E-03 1.54E-03

FNLW 2.24E-03 2.10E-03 1.83E-03 1.88E-03 2.07E-03 1.29E-03
POET 1.11E-03 1.46E-03 3.59E-03 1.27E-03 1.88E-03 2.51E-03

Projected POET 8.97E-04 8.80E-04 6.83E-04 6.79E-04 7.98E-04 6.55E-04

‖ŵMWC −wMWC‖1
FGL 1.9034 2.2843 1.9118 3.2569 2.7055 2.8812

FClime 2.1193 2.4024 2.0540 3.3487 2.7277 2.8593
FLW 2.2573 2.5809 2.1790 3.5728 3.0072 3.3164

FNLW 2.3207 3.3335 3.5518 3.4282 2.6446 4.8827
POET 15.8824 100.1419 56.9827 33.6483 38.8961 103.0434

Projected POET 6.5386 7.2169 7.8583 9.7342 12.1420 17.7368∣∣∣Φ̂MWC − ΦMWC

∣∣∣
FGL 8.72E-04 9.41E-04 7.26E-04 7.99E-04 7.12E-04 6.08E-04

FClime 8.52E-04 8.49E-04 8.06E-04 8.32E-04 7.50E-04 6.86E-04
FLW 1.59E-03 1.74E-03 1.57E-03 1.71E-03 1.70E-03 1.56E-03

FNLW 2.25E-03 2.22E-03 1.89E-03 1.91E-03 2.08E-03 1.56E-03
POET 1.14E-03 4.91E-03 1.78E-03 1.45E-03 1.57E-03 2.93E-03

Projected POET 9.19E-04 9.20E-04 7.11E-04 7.04E-04 8.26E-04 6.78E-04

‖ŵMRC −wMRC‖1
FGL 0.6683 0.7390 1.3103 1.5195 1.7124 3.0935

FClime 0.6903 0.7635 1.3238 1.5403 1.7415 3.1180
FLW 0.7132 0.7828 1.3430 1.5549 1.7517 3.1364

FNLW 0.4909 1.2121 1.4974 1.1996 1.8020 3.2989
POET NaN NaN NaN NaN NaN NaN

Projected POET 1.6851 1.4434 1.9628 2.6182 2.7716 4.1753∣∣∣Φ̂MRC − ΦMRC

∣∣∣
FGL 1.02E-03 9.73E-04 4.63E-03 4.49E-03 3.23E-03 8.73E-03

FClime 1.14E-03 1.01E-03 4.55E-03 4.22E-03 2.70E-03 7.72E-03
FLW 6.62E-04 5.54E-04 4.19E-03 4.01E-03 2.71E-03 8.11E-03

FNLW 2.73E-04 6.93E-03 5.11E-03 1.93E-03 6.42E-03 2.98E-02
POET NaN NaN NaN NaN NaN NaN

Projected POET 3.59E-03 1.20E-03 1.49E-03 2.58E-03 7.86E-03 1.39E-02

Table B.2: Sensitivity of portfolio weights and risk exposure when the gap between the diverging
and bounded eigenvalues decreases: (T, p) = (300, 400).
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Appendix C Additional Empirical Results

Similarly to daily data, we use monthly returns of the components of the S&P500. The data is

fetched from CRSP and Compustat using SAS interface. The full sample for the monthly data has

480 observations on 355 stocks from January 1, 1980 - December 1, 2019. We use January 1, 1980

- December 1, 1994 (180 obs) as a training (estimation) period and January 1, 1995 - December

1, 2019 (300 obs) as the out-of-sample test period. At the end of each month, prior to portfolio

construction, we remove stocks with less than 15 years of historical stock return data. We set the

return target µ = 0.7974% which is equivalent to 10% yearly return when compounded. The target

level of risk for the weight-constrained and risk-constrained Markowitz portfolio (MWC and MRC)

is set at σ = 0.05 which is the standard deviation of the monthly excess returns of the S&P500

index in the first training set. Transaction costs are taken to be the same as for the daily returns

in Section 6.

Table C.1 reports the results for monthly data. Some comments are in order: (1) interestingly,

MRC produces portfolio return and Sharpe Ratio that are mostly higher than those for the weight-

constrained allocations MWC and GMV. This means that relaxing the constraint that portfolio

weights sum up to one leads to a large increase in the out-of-sample Sharpe Ratio and portfolio

return which has not been previously well-studied in the empirical finance literature. (2) Similarly

to the results from Table 1, FGL outperforms the competitors including EW and Index in terms

of the out-of-sample Sharpe Ratio and turnover. (3) Similarly to the results in Table 1, the

observable Fama-French factors produce the FGL portfolios with higher return and higher out-

of-sample Sharpe Ratio compared to the FGL portfolios based on statistical factors. Again, this

increase in return is not followed by higher risk.
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